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(Fdddddddhhhhhhhhhhhkhhhhhhdhdhhdhhhhhhhhhhhhdtdds)
(**%xx*kxxx%k%x Implicit fiiggvény tétel xx*kx%kk*%)
(Fddeddddhhhhhh ok k ke ko hkk)
<< Graphics ImplicitPlot"
pr=1.5;

= 32 2 .
Flx_,y 1=x"+y"-1;

pl = Plot3D[F[x, y], {x, -pr, pr}, {y, -pr, pr}, DisplayFunction -» Identity];
P2 = Plot3D[0, {x, -pr, pr}, {y, -pr, pr}, Mesh » False, DisplayFunction -» Identity];

Show[pl, p2, DisplayFunction -» $DisplayFunction]

Solve[F[x, y] =0, y]
ImplicitPlot[F[x, y] == 0, {x, -pr, pr}, {y, -pr, pr}, AxesOrigin- {0, 0}]

- Graphics3D -
(y> V1, [y-15¢ )]

1.5¢

0.5¢

-1.5¢

- ContourGraphics -
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ClearAll[f]; ClearAll[x]; ClearAll[y]; ClearAll[x0];
ClearAll[y0]; ClearAll[Dx]; ClearAll[Dy]; ClearAll[Da] ;
ClearAll[nv]; ClearAll[dx]; ClearAll[pr];

F[x_,y_]:= X3+y3-3xxry

<< Graphics ImplicitPlot"
ImplicitPlot[F[x, y] =0, {x, -2, 2}];

a = Plot3D[F[x, y], {x, -2, 2}, {y, -2, 2},
Mesh -» False, PlotPoints -» 60, Boxed » False, ImageSize -» 600] ;
b = Plot3D[0, {x, -2, 2}, {y, -2, 2}, PlotPoints » 60, Boxed -» False,
Axes -» False, DisplayFunction -» Identity];
(* a felilet és a z=0 sik metszete lesz az implicit fiiggvény gorbéje =*)
Show[a, b, ViewPoint -> {1.3, -2, 2}1];
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AT AFL A
RELLELLIL

K25
<> 0’.”.’#.

IR
LA

AR A XA
K> LA =
quqd? .#gggp'

(kkkkkkkhhhhhhhhhhkhrkhhhhhhhhhkhrhhhhkkrhhhkrhhk)
(*kkkkrkkrskrrs KettSsintegrldlok xxkksxkkkkksrk)

(*********************************************)

(*k*xkkkxkkxksxx téglalaptartomany *xxxxskkx%x)
1

flx_, vy 1l=—=’
(x+y)
Plot3D[f[x, y], {x, 0, 3}, {y, 1, 5}]
pl = ContourPlot[f[x, y], {x, 0, 3}, {y, 1, 5},

DisplayFunction » Identity, ContourlLines » False, Contours -» 15];
(* adbrazoljuk az x-y sikon az integralasi (téglalap alaku) tartomanyt is =*)
Show[pl, Graphics[{Rectangle[{1, 2}, {2, 4}]1}], DisplayFunction -» $DisplayFunction]
(* a kettds integridl eredménye een tartomany £fo6lott =*)

Integrate[f[x, y], {x, 1, 2}, {y, 2, 4}]
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(**k*kkxkkkkxx* normaltartomdny esetén **xsrkkkkki*)
<< Graphics FilledPlot"
fix_,y 1= x3+4y;
Plot3D[f[x, y], {x, 0, 2}, {y, O, 4}]
pl = ContourPlot[f[x, y], {x, 0, 2}, {y, O, 4},
DisplayFunction » Identity, ContourLines - False, Contours -» 15];
p2 = FilledPlot[{2 x, x?}, {x, 0, 2}, DisplayFunction - Identity];
(* maga a tartomany, ami f6l6tt integralunk =)
Show[pl, p2, DisplayFunction -» $DisplayFunction]
(* a kettdés integralas eredménye is egy szamérték pl. 32/3 kébméter (pl.),
mivel felilet alatti térfogatrél van szd *)
Integrate[f[x, y], {x, 0, 2}, {y, x?, 2x}]

- SurfaceGraphics -

al
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- Graphics -
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(kkxkkkkkkhkrx Ffeladat xxxkrkkrkhkhhhhhhhhk)
(* Szamold ki az x?+y? fiiggvény integraljat a [0,1] x [y,1]
normaltartomanyon és jelenitsd meg az integralasi tartomanyt! =)

flx_,y 1= x? +y?;
Plot3D[f[x, yv], {x, 0, 2}, {y, 0, 2}]
pl = ContourPlot[f[x, y], {x, O, 2}, {y, O, 2},

DisplayFunction -» Identity, ContourLines - False, Contours - 15];
P2 = FilledPlot[{0, x}, {x, 0, 1}, DisplayFunction » Identity];
Show[pl, p2, DisplayFunction -» $DisplayFunction]
Integrate[f[x, y], {y, 0, 1}, {x, y, 1}]

- SurfaceGraphics -

o

1.5¢

0.5¢
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- Graphics -

1
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(*kkkkrkkrsrsr TErfogatszAmitas sxsxkkkkrdkrds)
Clearall[x0, x1, yO, y1, 20, z1,n, r, x,y, 2, £, F, vectors];
x0=-3;y0=-3;20=-3; (» dbradk széleibek definialasa =)
x1=3;yl=3;21=3; (» abrak széleibek definidlasa =*)

(*# adott a z=6 x-y fiiggvény, és a hatarold sikok,

ami egy térfogatot zar koéril (-2<x<2 és 0<y<3)=%*)

F={{z==6x-y}, {x==2}, {x==-2}, {y==3}, {y==0}, {z==0}};
<< Graphics ImplicitPlot"
<< Graphics ParametricPlot3D"
pl = ParametricPlot3D[{x, vy, 6x -y},
{x, x0, x1}, {y, y0, yl1}, DisplayFunction -» Identity];

P2 = ParametricPlot3D[{2, vy, z}, {y, y0, y1}, {z, z0, z1}, DisplayFunction » Identity];
p3 = ParametricPlot3D[{-2, y, z}, {y, y0, v1}, {z, z0, z1}, DisplayFunction -» Identity];
p4 = ParametricPlot3D[{x, 3, z}, {x, x0, x1}, {z, z0, z1}, DisplayFunction -» Identity];
p5 = ParametricPlot3D[{x, 0, z}, {x, x0, x1}, {z, z0, z1}, DisplayFunction » Identity];
p6 = ParametricPlot3D[{x, y, 0}, {x, x0, x1}, {y, y0, yl}, DisplayFunction » Identity];
Show[p2, p3, p4, p5, p6, DisplayFunction » $DisplayFunction, AspectRatio » Automatic];
(*» a fuggvénnyel egyiitt dbrazolva =)
Show[pl, p2, p3, p4, pP5, pP6,

DisplayFunction » $DisplayFunction, AspectRatio -» Automatic];
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Plot3D[6x -y, {x, -2, 2}, {y, 0, 3}, AspectRatio » Automatic, PlotRange » All];
(* Ha kiszamoljuk az integralt igy ahogy van: =*)

2 ~3
j J. (6x-y) dydx (*Ez nem térfogatot szamol,
-2Jo

mert a z tengely alatti rész térfogatat (-1)-gyel szorozza!, ELOJELES TERFOGAT*)

III.
-10 II’ V4
77 ”’I”'-"'/

-18

(#nézzik részletesebben a problémat: =)

p7 = Plot[6x, {x, -2, 2}, DisplayFunction - Identity]; (*a z=0 sikmetszetx)
p8 = Plot[0, {x, -2, 2}, DisplayFunction » Identity]; (*a z=0 sikmetszetx)
P9 = Plot[3, {x, -2, 2}, DisplayFunction » Identity]; (*¥a z=0 sikmetszets)
Show[p7, p8, p9, DisplayFunction - $DisplayFunction];

(*a z=0 sikmetszet egy abrabanx)

Solve[{y =3, 0==6x-y}, {x, y}]

(*» ezek alapjan felbontva a tartomanyt 2 részre: =)

Integrate[6x-y, {y, 0, 3}, {x,y/6, 2}]

(*Annak a résznek a térfogata, ahol 6 x-y>0x)

Integrate[-(6x-y), {y, 0, 3}, {x, -2, y/6}]

(*Annak a résznek a térfogata, ahol 6 x-y<O0x)
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(**k*kkkkkkkkkkkkx* Az egyik gyakorlatpélda *xx*kkkkkkkkk*)
ClearaAll[x0, x1, yO, y1, 20, z1,n, r, x,y, 2, £, F, vectors];
x0=-1;y0=-3;20=-3; ( dbrahatarok =*)
x1=5;y1=3;21=12;
F={{z==x+y%}, {(x-2)*2+y*2==4}, {z==0}};
<< Graphics ImplicitPlot"
<< Graphics ParametricPlot3D"
pl = ParametricPlot3D[{x, y, X2 +y?},
{x, x0, x1}, {y, y0, yl1}, DisplayFunction -» Identity];

Show[pl, DisplayFunction - $DisplayFunction, ViewPoint » {-2, -1, 2},

AspectRatio -» Automatic]; (¥*Nézziikk a belsejétx)
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P2 = ParametricPlot3D[{2 + 2 Cos[t], 2Sin[t], z},
{t, 0, 2Pi}, {z, z0, z1}, DisplayFunction - Identity];

p3 = ParametricPlot3D[{x, y, 0}, {x, x0, x1}, {y, y0, y1}, DisplayFunction -» Identity];
Show[pl, p2, p3, DisplayFunction - $DisplayFunction, AspectRatio -» Automatic];
(*# Elforgatva is nézziink bele! *)
Show[pl, p2, p3, DisplayFunction » $DisplayFunction,

ViewPoint -» {4, 8, -4}, AspectRatio » Automatic];
(* Attérink polarkoordindta rendszerbe =x)
x[r_, 0 ]:
ylr_, ¢_] :=x*xSin[e];
(* integréalunk, és itt is a végeredmény egy szam lesz x*)
Integrate[ (x[r, ¢]2 +y[r, ©1%) r, {9, -Pi/2, Pi/2}, {r, 0, 4Cos[p]}]

rxCos[o];

2 RITI LIRS

L7
RL22e2
i
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13
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14

(*k*kkrkkkkrkrrs* EGy masik gyakorlatpélda *xxskkkkkkskksk)
Clearall[x0, x1, yO, y1, 20, z1,n, r, x,y, 2, £, F, vectors];
x0=-3;y0=-3;,20=-3;
x1=3;y1=3;21=3;
F={{z ==x2—y2}, {x*"2+y*2==21}, {z==0}};
<< Graphics ImplicitPlot"
<< Graphics ParametricPlot3D"
pl = ParametricPlot3D[{x, y, ¥ - y?},
{x, x0, x1}, {y, y0, yl1}, DisplayFunction -» Identity];
P2 = ParametricPlot3D[{Cos[t], Sin[t], z}, {t, O, 2Pi},
{z, z0, z1}, DisplayFunction -» Identity];
p3 = ParametricPlot3D[{x, y, 0}, {x, x0, x1}, {y, y0, yl}, DisplayFunction » Identity];
Show[pl, DisplayFunction -» $DisplayFunction, AspectRatio -» Automatic];
Show[pl, p2, p3, DisplayFunction - $DisplayFunction, AspectRatio -» Automatic];
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15

Show[pl, p3, DisplayFunction -» $DisplayFunction, AspectRatio - Automatic];
x[r_, ¢_] :=xrxCos[o];

ylr_, o 1:
Integrate[ (x[z, 9] -y[zr, 012) r, {o, 0, 2Pi}, {r, 0, 2}]
(*Ez nem térfogatot szamol,

r*Sin[e];

mert a z tengely alatti rész térfogatat (-1)-gyel szorozza!sx)
(* érdekes is az eredmény! =*)
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p7 = Plot[x, {x, x0, x1}, DisplayFunction » Identity]; (*a z=0 sikmetszetx)
p8 = Plot[-x, {x, x0, x1}, DisplayFunction -» Identity];

P9 = ParametricPlot[{Cos[t], Sin[t]}, {t, 0, 2Pi}, DisplayFunction -» Identity];
(* Felilnézetbdl =x)

Show[p7, p8, p9, DisplayFunction -» $DisplayFunction];

Integrate[ (x[r, (p]2 -ylr, <p]2) r, {¢, -P1i/4, Pi/4}, {r, 0, 1}]

(*Az egyik negyedrész térfogata, ebbdl szamithatd a teljes térfogatx)
3

1
a

(kkkkkhdkhhhdhhhhhhhhhhhhhhhhhhhhhhhhhkhhhhkhdhhk)
(**kkkkkrdkdrx* HAarmasintegrdlok xxxskxkxskkkkxk)

(*********************************************)
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(*kk*kkrkkkkrkrrsk Tetraéder tartomany xrksxkkkkkkrkk)
Clearallfa, b, ¢, d, x0, x1, yO, y1, 20, 21, n, r, x,y, z, £, F, vectors];
x0=-1;y0=-1;20=-1;
a=6;b=3;,c=4;d=12;
xl1=d/a+l1l;yl=d/b+1;zl=d/c+1;
F={{ax+by+cz=d}, {x=1}, {y==0}, {z==0}};
<< Graphics ImplicitPlot"
<< Graphics ParametricPlot3D"
pl = ParametricPlot3D[{x, y, 0}, {x, x0, x1}, {y, y0, yl1}, DisplayFunction » Identity];
P2 = ParametricPlot3D[{x, 0, z}, {x, x0, x1}, {z, z0, z1}, DisplayFunction » Identity];
p3 = ParametricPlot3D[{0, v, 2z}, {y, y0, y1}, {2z, z0, z1}, DisplayFunction -» Identity];
p4 = ParametricPlot3D[{x, y, (d-ax-by) /c},

{x, x0, x1}, {y, y0, yl}, DisplayFunction -» Identity];
Show[pl, p2, p3, p4, DisplayFunction » $DisplayFunction, AspectRatio » Automatic];

Plot3D[(d-ax-by) /c, {x, x0, x1}, {y, y0, yl}, AspectRatio -» Automatic];
p5 = Graphics3D[Polygon[{{0, O, 0}, {0, d/b, 0}, {0, 0, d/c}}]];:

(#az x=0 sikmetszetx)
p6 = Graphics3D[Polygon[{{0O, 0, 0}, {d/a, O, O}, {0, O, d/c}}]];

(*az y=0 sikmetszetx)
p7 = Graphics3D[Polygon[{{0, 0, 0}, {d/a, 0, 0}, {0, d/b, 0}}]];(*a z=0 sikmetszetx)
Show[p5, p6, p7, DisplayFunction -» $DisplayFunction];
f[x_,y_]=2xy;(*Integraljuk ezt a fiiggvényt a tetraéderenx)
Integrate[f[x, y], {x, 0,d/a}, {y, 0, (d-ax)/b}, {z,0, (d-ax-by) /c}]
Integrate[f[x, y], {x, 0,d/a}, {z, 0, (d-ax) /c},

{y, 0, (d-ax-cz) /b}] (*A masik négy lehetdéség HF!x*)
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(kkkkkkdkkkkdr® Viviani-test sxxkxkkksksx)

<< Graphics ImplicitPlot"

R=1;

G={x?+y?+2z?=4R%};

H= {(x-R)?+y? =R%};

f[x_,y_]l=z/.SolvelG, z][2]

Pl = ContourPlot[Re[f[x, y]], {x, O, 2}, {y, -1, 1},
DisplayFunction -» Identity, ContourLines » False, Contours - 15];

P2 = ImplicitPlot[H, {x, 0, 2}, DisplayFunction -» Identity,
PlotStyle -» {{Thickness[0.01], Hue[0.5]}}]:

Show[pl, p2, DisplayFunction -» $DisplayFunction]

V4 -x2-y2

0.5¢

-0.5¢

0 0.5 1

- Graphics -
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p3 = ParametricPlot3D[{2 Cos[p] Cos[©], 2Sin[¢] Cos[©], 2Sin[6]},
T
{0, 0, 271}, {6, -5 } , DisplayFunction - Identity]
p4 = ParametricPlot3D[ {1l + Cos[¢] , Sin[¢] , 2}, {¢, 0, 27},
{z, -2.2, 2.2}, DisplayFunction -» Identity]
Show[p3, p4, DisplayFunction -» $DisplayFunction, Boxed -» False, Axes - False]

Integrate[f[x, yl, {x, 0, 2}, {y, —'\/R2 - (x-R)?, '\/R2 - (x-R)?2 }]

Integrate[l, {x, 0, 2}, {y, —'\/Rz— (x-R)?, '\/Rz— (x-R)? }, {z, 0, ’\/4R2—x2—y2}]

- Graphics3D -

- Graphics3D -

r;%{@g‘\
an =7
[ 1S g;f
’ o
=
5y
oY
=
7
27/
27
24

- Graphics3D -

(-4 +3n)

©lo  ©lo

(-4 +3 )

(kk*kkkkkkrxk* feladat *xxxkkkrkskx)
(* z=x?-y? hiperbolikus paraboloidot abrazold 3 D-ben,
és szamold ki azt a teriiletet,
amit az xy tengelysikkal és az x?+y’=1 hengerpalasttal bezar x)
sikl = ParametricPlot3D[{0, x, vy}, {x, -1, 1}, {y, -1, 1}, DisplayFunction -» Identity];
sik2 = ParametricPlot3D[{x, O, vy}, {x, -1, 1}, {y, -1, 1}, DisplayFunction - Identity];
sik3 = ParametricPlot3D[{x, y, 0}, {x, -1, 1}, {y, -1, 1}, DisplayFunction - Identity];
sik4 = ParametricPlot3D[
{Cos[t] Cos[u], Sin[t] Cos[u], Sin[u]}, {t, 0, 2Pi}, {u, -Pi/2, Pi/2}]
Show[sikl, sik2, sik3, ViewPoint -> {1.2, 1.2, 1.2},
DisplayFunction » $DisplayFunction, ImageSize -» 400]
Show|[sikl, sik2, sik3, sik4, ViewPoint -> {1.2, 1.2, 1.2},
ImageSize -» 400, DisplayFunction -» $DisplayFunction]
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- Graphics3D -

- Graphics3D -
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- Graphics3D -

(*k*k*kkxkkkkkksr** Egység sugaru gomb
térfogata Descartes koordindtarendszerben *x*xkxkkxkkkkx)

1 ~V1-x2 V1-x2-y2

J -J. J ldzdydx
1J-Viox? J1x2y?

4

3

(****kkskksrxk*x*x Orai példa Descartes koordindtarendszerben #x##kk#*kk+%%)

(******x**x** ugye, hogy érdemes attérni gombi koordindtarendszerre? *xx*xx**x%*)
1 ~VixZ ~V1-x2-y2 X%y *zZ

L

1

— dzdydx
x2 +y2 + 22

2



Implicit fiiggvények abrazolasa

www.wolframalpha.com, mivel ez Mathematica 6-o0s és 7-es parancsokat
elfogad

ContourPlot[x*2/9+y~2/(1/4)-1==0, {x, -4, 4}, {y, -4, 4}]

ContourPlot[x"3 + yA3 - 3*x*y==0, {X, -4, 4}, {v, -4, 4}]

Ehhez a Po(1.5, 1.5) pontba érintot hizva:
ContourPlot[{x"3 + y~3 - 3*x*y==0,y==-x+3}, {X, -4, 4}, {y, -4, 4}]

Integralashoz segédlet (vizualizacio és végeredmény)

ContourPlot3D[{z = X2 - y"2 x"2 + y"2 =1, z=0%},4{x, -2, 2} {vy, -2,

2%,{z,-3,3}]
(tessék valtoztatgatni a hatarokat)

Vagy akar egy tobbes integralt is beirhatunk:

Integrate[ (x*y*z2)/(xN2+yN2+4272),{x, 0,
1},{v,0,Sart[1-x2]},{7,0,Sart[1- x*2-y~2]}]

Definiteintegral

1 W 1-x? 12y Xys 1
r [‘ [‘ — 7" dzdydx= — ~0.03125...
Jo o o XT+ ¥ +E 32

L=

Integrate[ix«y+2)/{ X2 +¥y"2 +272), (%, 0, 1}, |y, O, Sqri[l — x™2.. £ Wolfram


http://www.wolframalpha.com
http://www.wolframalpha.com/input/?i=ContourPlot[x^2/9%2By^2/(1/4)-1%3D%3D0,+{x,+-4,+4},+{y,+-4,+4}]
http://www.wolframalpha.com/input/?i=ContourPlot[x^3+%2B+y^3+-+3*x*y%3D%3D0,+{x,+-4,+4},+{y,+-4,+4}]
http://www.wolframalpha.com/input/?i=ContourPlot[{x^3+%2B+y^3+-+3*x*y%3D%3D0,y%3D%3D-x%2B3},+{x,+-4,+4},+{y,+-4,+4}]
http://www.wolframalpha.com/input/?i=ContourPlot3D[{z+%3D+x^2+-+y^2,+x^2+%2B+y^2+%3D1,+z+%3D+0},+{x,+-2,+2},+{y,+-2,+2},{z,-3,3}]
http://www.wolframalpha.com/input/?i=ContourPlot3D[{z+%3D+x^2+-+y^2,+x^2+%2B+y^2+%3D1,+z+%3D+0},+{x,+-2,+2},+{y,+-2,+2},{z,-3,3}]
http://www.wolframalpha.com/input/?i=Integrate[(x*y*z)/(++x^2+%2B+y^2+%2B+z^2),+{x,+0,+1},+{y,+0,+Sqrt[1+-+x^2]},+{z,+0,+Sqrt[+++1+-+x^2+-+y^2]}]
http://www.wolframalpha.com/input/?i=Integrate[(x*y*z)/(++x^2+%2B+y^2+%2B+z^2),+{x,+0,+1},+{y,+0,+Sqrt[1+-+x^2]},+{z,+0,+Sqrt[+++1+-+x^2+-+y^2]}]
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