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! "#$ %&'()*+( ,-./#(0(( $&&,1+'2(*3,0'1"/0,40' 50.*1&(( ,0'10/0(( "/25%23

,&$$*6 )066050//7$8 P = (x, y)9 :/0' %&'(&$ ;*65*/2( IR2
3<06 )06-6)7$9

 ! ! ! "#$%&'()!  !"#!$ P = (x, y) %& P ′ = (x′, y′) '%( )*$( IR2
+,!$- ./!'

(01*2&0"34

PP ′ =
√

(x− x′)2 + (y − y′)2.

5%( )*$( (01*2&0"0$3' 6!272%&%8! &/*'0& 9%" 3/ 320,,:3'3( :& ;3&/$02$:4

ρ(P, P ′), ‖P − P ′‖.

</ *8:"=,=2 3/ (x, y) )*$(,3 9>(3(= 1!'(*8 ;*&&/3

‖(x, y)‖ =
√

x2 + y2.

=*"/'26'+ >&.)?$ * 6+'02,+" *6.04,24@6 +"50,( ;2,&5"/-. 0.A0'6B(60'"C.0(D

5+"/0,+'(

‖(x, y) + (x′, y′)‖ ≤ ‖(x, y)‖+ ‖(x′, y′)‖.
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S(C, ε) = {PǫIR2 : PC < ε}.
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Pn = (xn, yn), n = 1, 2 . . .
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n = (n, n2)D +660(<0 P
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n = ((−1)n, 2)9
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%3-(0 % !"#"$%& 3.15-1 -(-3,& &%#&%(3%$$%6 7-+)& -$ %$& 8-(-1&.* +"/0 (Pn)

'"#()&"!* +% (,&-$.' C = (A,B) ,! ε > 0 +"/0 3.15-1 Pn = (xn, yn)9#-

&-(8-!:(* +"/0
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(xn −A)2 + (yn −B)2 < ε.
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n = (n, n2) -./ 0%1&*(%+2 P
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‖Pn −Q‖ = 0.

=$& >/0 8-(2(8:'?

lim
n→∞

Pn = Q.
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ε > 09+"$ (,&-$.' -/0 N(ε) ':!$24.15-@* +"/0 3.15-1 n ≥ N(ε) -!-&,1?

‖Pn −Q‖ < ε.

=*+0>?? $%@)&/)45)< =6-7.- ε > 0 .+.(>- )4 S(Q, ε) @A/BA- 095C& :+)0

5>@.+ +%0 ?%-( 5)- #5>@.+ +%0 6-7.DE,"

A2<-&'-$3,106 F) .@' +%1%4)( 0%-5.1@.-+G )00%1 0%1&*(%+"

H" ;,(5%6 I.@'.- Pn = (e−n/4 cos(n), e−n/4 sin(n))G n = 1, 2, . . . . 300%1

‖Pn − (0, 0)‖ = ‖Pn‖ =
√

e−n/2 cos2 n+ e−n/2 sin2 n =
√

e−n/2 = e−n/4.
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lim
n→∞

Pn = (0, 0).
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Pn = Q = (x, y).

+! ,- (xn) *) (yn) )#'#-./#" "#$%&'(&$)&" *)

lim
n→∞

xn = x; lim
n→∞

yn = y.
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78&-)0+ -.9 N(ε) 0%4-:; 6$.9 ‖Pn −Q‖ < ε; 6* n ≥ N(ε)< =0,-7

|xn − x| <
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(xn − x)2 + (yn − y)2,

-)8(& |xn − x| < ε 8' 6*'$%7>*% |yn − y| < ε 0' &-72-'?7<

2. ⇒ 1. @-&')A7-.-' ε > 056$) 78&-)0+ -.9 +?')BC0%4-:; 6$.9 30%4-% n ≥ N 5

(-D

|xn − x| < ε√
2
, |yn − y| < ε√

2
.

E++$( (xn − x)2 + (yn − y)2 < ε2 F.9

‖Pn −Q‖ =
√

(xn − x)2 + (yn − y)2 < ε.
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5*5*6* 748$&.!9* , (Pn) )#'#-./ /&01&)2/3 . 4.56789:*0& :&0/*/&0/; 7. <3$=&$

ε > 097#- 0*/&-3" #08.$ N(ε) ">)-?@3$=&A; .<&08'& <3$=&$ n,m ≥ N &)&/*$

‖Pn − Pm‖ < ε.
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. 4.56789:*0& :&0/*/&0/!

 !"#$%&'()* G'*+ *) -.90+ 0(1%9& C0)$%9F&2H+< I-71&2H+; 6$.9 6* * '$($)*&

+$%,-(.-%'; *++$( &-72-'F&0 * G*H/695J87- J-7&8&-7&< " +$%,-(.-%/0* 30*&& ε5

6$) 78&-)0+ N +?')BC0%4-:; *3-79(-

‖Pn − P‖ < ε/2
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‖Pn − Pm‖ < ‖Pn − P‖+ ‖P − Pm‖ < ε/2 + ε/2 = ε
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% ,63"&7 833"+ #.-)$*3 3"&9)+1)&, +.,$,"+"$%-%7

'()*+,-$./! >/ (Pn) +,-61',& (& Pn = (xn, yn)0 /++,- (xn) (& (yn) "& +,-61',&

&,-,2/',+) *++,- 6('%2"+ (xn)8#%+ +,#:%-4%#& -(&2&,-,2/'/0 6%45%# %2 (xmk
)0

"66%':% 6('%2"+ (ymk
)8#/+ "& +,#:%-4%#& -(&2&,-,2/'/0 %2 6%45%# (ynk

)) *++,-

#5"6:1# ((xnk
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:.#;%7 <.1#%#%57 @*2 / +('$"!%#2"A& "#'%-:/66=!)B C%45%#%+ a < b (& c < d

-342;'%'' :/6A& &21!,+D

T = {(x, y) : a ≤ x ≤ b, c ≤ y ≤ d}

E +('$"!%#2"A& "#'%-:/66=!,' $"-%+' &2,-2/' /6/+F/# "& ;-./'<=+D [a, b]×[c, d].

:.#;%7 =>?@7 @*2 +('$"!%#2"AF/# %45 +3-6%!%2#%+ 9%6%6 !%4)B C%45%# ε > 0

:/6A& &21! (& CǫIR2
&;+F%6" G,#' /$,''/+0

S(C, ε) = {(x, y) :
√

(x−A)2 + (y −B)2 < ε}.

*!6(+%2'%'?#+ /--/0 .,45 %45$"!%#2"AF/# /2 a G,#' +3-#5%2%'%" /2 a +38

2(GG,#'H (a − ε, a + ε) "#'%-:/66=!,+ :,6'/+0 '%'&276%4%& ε > 0 %&%'(#) *2'

16'/61#,&;'<=+)

 ! !0! 1%2+-3(4! 812 P = (x, y) 5"&- 3>+&2)$)-)* %$"& S⊂IR2
-%+-"?4'

&2"3A ?)#2)3 P 3>$)55"&-B 1>?@>37
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 ! !"! #$%&'()*!  !"# $%&'()*+ ,%-. /-. QǫIR2
0/123 4%&#(5 S &/*+ ,5

Q &5* 65& %1.5& U *78&./"/#/+ $/1.8/ U ⊂ S9

 !"# $%&'()*+ ,%-. /-. QǫIR2
*:123 4%&#(5 S &/*+ ,5 Q &5* 65& %1.5&

U *78&./"/#/+ $/1.8/ U ∩ S = ∅9

 !"# $%&'()*+ ,%-. /-. QǫIR2
,5#;84%&#(5 S &/*+ ,5 5 Q 4%&#&5* $<& 

'/& U *78&./"/#/ 8/&'/1*/"<* 5""51 5 #)15('%&2;--51+ ,%-. 65& %1.5&

P ′ǫU 4%&#(5 $/1.8/ P ′ǫS =2 65& %1.5& P
′′

ǫU 4%&#(5 $/1.8/ P
′′

ǫ|S9

 ! ! ! +,-$./$012&3! >/#2"31/-/2 S ,51$5" /2/#=& 5 2?*%# 3 '<2"()&*# 8=2"8/

%2"#,5#()*@

 *:123 4%&#%*+ /"/* ,51$5";# -<)(S) (/171<9 AB" 5" C/D#/8<%8C 2"E0E1 /8/'9F

 0/123 4%&#%*+ /"/* ,51$5";# int(S) (/171<9 AB" 5" C<&#/8<%8C 2"E0E1 /8/'9F

 ,5#;84%&#%*+ /"/*/# ,51$5";# ∂S (/171<9 G/,/#&/* ,5#;84%&#%*+ 5$/1./*

/1/$/< 5" 5'%## ,51$5"&5*+ =2 1/,/#&/*+ 5$/1./* &/$ /1/$/<9
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 ! ! "! #$%&'()*!  ! S "#$%#! !&'() "# %*+,-+ "#(&'./+(0&( (#'(#$%#!!#1

 ! S "#$%#! +23$() "# %*+,-+ ./+(0# 4-$56 ./+(1  ! S "#$%#! $-!&'&5#7

S = S ∪ ∂S.

89$,#1 " #$%& '()*+ ,-*%-./ 0''12 ,-+3456'+7-89

∂S(C, r) = {P : ‖P − C‖ = r},

:; )#( *1.343;-9

S(C, r) = {P : ‖P − C‖ ≤ r}.

89$,#1 <1#(1' S = {(x, y) : x, yǫQ} - ;)2 4-=86'3*8; 2664>8'3+37? 56'+7-8'-2

,-*%-.-/ 02264 - ,-*%-. *1.343;- S = IR2
/

 ! !  ! #$%&'()*! P #! S "#$%#! (/'$:,&5* ./+(0#) "# $9(-!*; /$2#+ (Pn)⊂S

5/'/!#() %-$2'- Pn 6= P 95 limn→∞ Pn = P.

@64*A>3;8 56'+62 *1,1+'12 &1*;B 56'+62 :; ,-+3456'+62/ C34+ ,-*%-. %8'>1'

+64*A>3;8 56'+73+ +-4+-*%-..-/

 ! ! +! #$%&'()*! <-=2-+ P 95 P ′
;9( IR2

>4-$* ./+(1  ! -!-;-( ?55!-;?(6

@/$2(/+/5 A/+#$ -=2 /$2#+

γ : [α, β] → IR2

@B==A9+2) %-$2 -=2 ;/'$&(/5 95 !&'( [α, β] A#$:5 *+(-'A#$$C%/+ A#+ 9'(-$%-!A-

95 9'(9;;95!$-(- IR2
>4-$*1 D/A&44&

γ(α) = P, γ(β) = P ′.

 γ(t)ǫIR2
./+( ;//',*+&(&*( 0-$?$0-

γ(t) =: (x(t), y(t)).

E-$(-55!B;) "/=2 -!-; #! (x(t)) y(t)) ;//',*+&(#>@B==A9+2-;)

x, y : [α, β] → IR

@/$2(/+/5#;1
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P

γ(α)

γ(t)

P ′

γ(β)

 "#" $%&'" ()* +,-*,* .//012.*3 4,-'5"

678 {γ(t) : tǫ[α, β]} 4,-'5'* 9/ IR2
:%159 &)/0;'5<'0-'2 *129-*=-2> *1&<)/01*1/

<?@,-"

 ! ! "! #$%&'()*!  ! S ⊂ IR2
"#$"%&'()" *++!,-.//0(,1 (,2,!!.13 4# 5'$6

&,7) 18" 9%(":'" 1;2'7#+!"2# "#$"#7&#! ,/) 01," *++!,1*"0 -%7)"%(%+ 2%(#7#"<

 ! ! +! #$%&'()*! =,/),( P = (x, y) 8+ P ′ = (x′, y′) 18" IR2
65,7; 9%("<  

18" 9%("%" *++!,1*"0 +!#1#+!" #! #7'55;

γ : [0, 1] → IR2

-.//28() >$:# 7,?

γ(t) := P + t(P ′ − P ).

@9,A;'7;+#( ",4'" γ(0) = P 3 γ(1) = P ′
<

A /0'2'/0 9/ B,58*,-,/ 4,-'5> <)7+1@97 '0 '5$%%9 2,,&@9-$*':B=774)-812215C

x(t) = x+ t(x′ − x),

y(t) = y + t(y′ − y).

 ! ! ,! #$%&'()*!  ! S ⊂ IR2
"#$"%&'()" 1%(2,B(,1 (,2,!!.13 4# 5'$&,7)

18" 9%(":'2#7 ,/)."" #! 01," *++!,1*"0 +!#1#+!" ;+ "#$"#7&#!!#<



 ! ! IR2
"#$#%&'()*+  !

P = γ(0)

γ(t)

P ′ = γ(1)

 "#" $%&'" ()* +,-*,* .//012.*3 /0'2'/0"

 ! !"! #$%&'($$')*+&,&(

4 /52%167 +,-*,2'* -18 9/'2 ' 81:/0,2,** ;1/9'&*1/<=)61 2,,&>7-$&1->/01&<

%1- *?>@?2 81:'>-7" A,2/0,& B'/0-,/ 61/0 ' 8,/* %1C101*)/&1 21&D63 +,6$&<

2,,&>7-$*$2 B'/0-$6'*'"

 ! ! "! #$%&'()*!  !" #$%&& (x, y)ǫIR2
'%(& '%)*+,%%+$-(*&*- (r, θ). /0)"01

,0& 2!" $03(-*)4(,5

1 r5 # '%(& %+-!6&6) 70&& &*7%)8*!#.

1 θ5 #9 %+-!6:6) #9 #$%&& '%(&:# /4&#&6 70,&%+(#, #9 x &0(!0)" '%9-&27

+;89;70) :09*+& 89<!0=

>!" &0?*& # '%)*+,%%+$-(*&*,+# rǫIR+ ∪ {0}. θǫ[0, 2π)=

E' r )/ θ '>,**'2F '22,& x = r cos(θ)G y = r sin(θ)" 4 =1-*7 B,00$&1->16)/

1:H<1:H)&*168I 81:=1616*1*)/F 27C)C1 ' (0, 0) +,-*,*"
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 "#" $%&'" ( )*+$&,**&-./$0$, 1&02+324152"

 ! !"! #$%&$'()*+%'* IR
n
,-.

IRn
2+232.0 ' &2/-24200 54$3 n6252, 72+2/0.,8 P = (x1, . . . , xn)ǫIR

n
9 P ′ =

(x′1, . . . , x
′

n)ǫIR
n
" :42,20 '4 n -.32/4.;5 01& )*/07'./', <=>7?,"

 ! ! "! #$%&'()*!  !"# $%&# #'(%)*'+,-

‖P−P ′‖ =

√

√

√

√

n
∑

i=1

(xi − x′i)
2 =

(

(x1 − x′1)
2 + (x2 − x′2)

2 + · · ·+ (xn − x′n)
2
)1/2

.

 #'(%)*'+%# *.%!#/! 0+1 2* 34)5)&2- ρ(P, P ′)6

 ! ! +! #$%&'()*! 7+1 P = (x1, . . . , xn)ǫIR
n
$%&# !58&14.4#42 n9:2;4&.2<*

+5;=5!> ;4)14!4# 0+1 "8#4);4.?&!-

S(P, ε) =

{

Q = (x′1, . . . , x
′

n)ǫIR
n :

n
∑

k=1

(xk − x′k)
2 < ε2

}

.



 !"! #$%&'(%)*+, -.//&$012#  !

 !"! #$%&'(%)*+, -.//&$0123

"#$%% S ⊂ IR2
%&'%$()*+, f : S → IR -.%/)0%$123 4566/.*+7 &(80+ S

808(89:81 86+ /&023 31)($% '8*#80, ;'%80(81.39 %&'%$()*+)% Df <480 =80>0=5-

?@A#$(&9*AB7 .'%.--.3108%.% Rf <480 ?@A'&*68AB,

C566/.*+ (86&#)3& &1% =808*%97 :$6+ (86&#=D- &1 .'%80(81.39 %&'%$()*+%

?:& 81 (86/)0%$19-7 ()' 86+ ()39- 4566/.*+% &#D*- (86B .3 & :$11)'8*#80.3

(2#=)%, E1 (9*#96 86+.'%80(F7 G.0#)D0 &1 u = arctan(y/x) 4566/.*+ 838%.<

H8* (86 -800 &#*97 :$6+ & 4I)6 .'%.-.'8 6$*#$0D*-,

 !"#$#%&'#() (x, y)J 45668%08* /)0%$127 uJ 4566I /)0%$12,

K8686+318'FHH G.0#)-J

 , *+"#,-+' ./00$&"12

f(x, y) = ax+ by + c,

&:$0 a, b, cǫIR '>61L%8%%8-, ;'%80(81.39 %&'%$()*+& IR2
,

M, 3,'45.4(6 74!+"482

f(x, y) = ax2 + bxy + cy2 + dx+ ey + f,

&:$0 a, b, c, d, e, fǫIR '>61L%8%%8-, ;'%80(81.39 %&'%$()*+& IR2
,

N, 94!+"48$-&% -.% #9(8*192H&* O6+ #8P*9)0=D-7 (9*% ($*$(9)0$- >331868,

E6+ ($*$(9)0 )0%&0)*$3 &0&-=&J

amnx
myn.

E6+5%%:&%2=& amnǫIR7 4$-& & H8**8 08/I 4$-$- >331868J m+ n, E6+ G$09*$(

4$-)% O6+ #8P*9)0=D-7 (9*% & 086(&6&3&HH 4$-O ($*$(9)0=)*&- 4$-&,

E6+ G$09*$( :4840&"7 :& & G$09*$(H&* 318'8G0I ($*$(9)0$- 4$-& D6+&*&1,

Q.0#)D0 :$($6.* ()3$#4$-O G$09*$(

f(x, y) = x2 + 2xy + y2.

R$/)HH9 -.%/)0%$123 4566/.*+8- -$*3%'D-S92=& &1 93(8'% 86+/)0%$123 4566<

/.*+8- 386L%3.6./80 %>'%.*:8%7 G.0#)D0J

u = sin(xy) /agy u = ln(y2 + cos(x/2)).
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 !"! ! #$%&$'()*) ($+($,$-'./01

"#$%& '( )%&*+,-$(./ 01%%*23&- %456) /)%7-/2%2*), -89-8: 5);5)()3-+,3<= '

:2-*+,-$(./ 01%%*23&- 0),1,)-:23- 0$%>8: ?)%'93<@ A##)( -):<3->1: ' #+5$?B

9<?)3(<./ :$$59<3+-'5)39/()5-= ?),&6)3 ' :$$59<3+-' -)3%),&): x, y 2/ u@ "

01%%*23& 25-),?)(2/< -'5-$?+3&+3': -)-/(C,)%)/ (x, y) ;$3->' 04,4-- :<>),4,B

>1: '(- ' P ;$3-$-= ?),&3): #'5?'9<: :$$59<3+-+>' u = f(x, y)@ D' (x, y)

6)>+5>' ' 01%%*23& 25-),?)(2/< -'5-$?+3&+-= '::$5 ' ?)%0),),C P ;$3-$: )%&

0),1,)-)- 0$%3': ?)%'93<@

E)#+- '( f : S → IR 01%%*23&- ' -256)3 '( (x, y, u) /(+?#+5?'/$: 75>+: ,)=

'#$, u = f(x, y)@ "(

{(x, y, u) : u = f(x, y), (x, y)ǫS}

;$3-$: 0),1,)-)- ',:$-3': ' -256)3@

 !"#$% F)%&)3 f(x, y) = x2+y2@ " 0),1,)- )%& 9'5'6>' '(  @G@ +65+3 ,+-#'-.@
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−10
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60

80

100

120

 @G@ +65'@ "( f(x, y) = x2 + y2 01%%*23& 0),1,)-)@

 !"#$% F)%&)3 f(x, y) = x2 − y2@ " ?)%0),),C 0),1,)- )%& 9'5'6>' '(  @H@



 !"! #$%&'(%)*+, -.//&$012#  !

"#$"% &"'()'*+
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10

−60

−40

−20

0

20

40

60

 +,+ "#$)+ -. f(x, y) = x2 − y2  !""#$%&  '(!(')'*

+ ,-./0120'%3245 -6.-3/(-5 %'0 02%12" 0'" '('(7* 8"&.$53) '3) )966  !":

"')('% #-()/34.; %'0 )<1=<> >2)'.='53)'%2* ?-5.$53) 0$" >$)  !""')('% #-(:

)/34 '5')$% 25 53'.'%@5$5'66 ;3 x, y 5A>6;% 1/("/3%2B 2)) "/%1 %$(>!( )<1<%>

.;=3/(%2* 8,,'3 ;1 5'"A)5$"') ; 532%)#/%;(;> 5'"A)5$"$#'( )9.)$%7 -6.-3/(-5*

8>>/. ; 5A>6;% -6.-3/(=<> ;3/>;) ;3 (x, y) C/%)/>;)B 0'(&'>.' f(x, y) = k

#;(;0'(& .9"3A)')) kǫIR 0'(('))*

 !"#$% D'"&'% f(x, y) = x2 + y2* + 532%)#/%;(;> >/%@'%).2><5 >9.9>B 0':

(&'>67( %$,-%& ;3 E*F -6.-% (-),;)4*

 !"#$% D'"&'% f(x, y) = x2 − y2* + 532%)#/%;(;> ,2C'.6/(-> $5 '"&'%'5'>B

0'(&'>67( %$,-%& ; E*G -6.-% (-),;)4*

+ 532%)#/%;(;>>;( )9.)$%7 -6.-3/(-5%;> '"&2> '(7%&'B ,/"& >2)'.='53),')7 ,-:

./0#-()/345 f(x, y, z)  !""#$%&'>.'* 8>>/. 532%)#/%;(;> ,'(&')) k = f(x, y, z)

532%) '(!(')'>') >;C<%>B ;,/( k )')537('"'5 >/%5);%5*



 !  !"!#!$ %& $'(()*+$,#-. )/+-.  011)234!5

- 2 - 1 1 2
x

- 2

- 1

1

2

u
=
4u

=
3u

=
2

u
=
1

u=0

"#$# %&'(# )* f(x, y) = x2 + y2 +,--./01 2*304.50(6(3

- 2 - 1 1 2
x

- 2

- 1

1

2

u
=

4

u
=

3

u
=

2

u
=

1

u=
0

u=-1

u=-2

u=-3

u=-4

"#7# %&'(# )* f(x, y) = x2 − y2 +,--./01 2*304.50(6(3

 !"!"! #$%&'$($))*+

)*4 +5-89: ;<-+5-(6;(*03= >5-1 ;34 8<6<04 (* ( 496(8?502%-= >5-1 <-1 f +,--@

./01 +56145052 ( P0 = (x0, y0) A504&(0# B<9'32*43:92(0 <6:/A*<6.< (*4 .%'89:=

>5-1 >( (x, y) :C*<6 .(0 (x0, y0)@>5*= (::5' f(x, y) 32 :C*<6 .(0 f(x0, y0)@>5*#

 !"! ! #$%&'()*!  !"#!$ (x0, y0) %& f '("")*$# *+,!-.!&*/0 ,%+,1.2$#23



 !"! #$%&'(%)*+, -.//&$012#  !

 !" #$% &' ()!* +, f -.$$/0 % -'1%(' '2 (x0, y0)34! 5 6! f(x0, y0) (#(2,71#3

$#2 U "89 %#,#,#(06#, 10(#,:" (x0, y0)3 !" '1%! V "89 %#,#(#5 6'$% ;: <# 

(x, y)ǫV 5 (x, y)ǫDf #2#(0 f(x, y)ǫU *

"#$%&'&()& *+*& , -./0%&1&2 3&4056#7892: &12 5$% 92;<$,'(,1=,28>-?

 !"!"! #$%&'()*! =#$%# P0 = (x0, y0) !, f -.$$/0 % 09(#1;#,02: (!9(';>3

 %> !" #$% &' ()!* +, f -.$$/0 % -'1%(' '2 !, (x0, y0) &' (4! 5 6! (#(2,71#$#2

ε > 036', 10(#,:" #$% δ > 0 2,>;5 ;#1%9#

∀(x, y)ǫDf ,
√

(x− x0)2 + (y − y0)2 < δ

#2#(0 

|f(x, y)− f(x0, y0)| < ε

(#1)#2.1*

 !"!+! #$%&'()*! +,( ;' <)?"5 6'$% !, f -.$$/0 % 2'9',!(-'1%(' '2 !, 093

(#1;#,02: (!9(';> % P0 &' ()>4! 5 6! ;: <# (Pn) ⊂ Df 2'9',!(9!5 ;#1%9#

lim
n→∞

Pn = P0

(#1)#2.15 6'$%

lim
n→∞

f(Pn) = f(P0).

@ -+2;,82, ;<$,'<( &-*#*,'&06#989/7' A17' ,1 ,'9))# 2+2&'?

 !"! ! ,-.$/! +, f -.$$/0 % !""'9 02 @2!":2 !""'9 -'1%(' '2 P034! 5 6! '((

2'9',!(-'1%(' '2*

0)12&3'.45! B&'8&A&0 ,0,'7$ ,1 &$%*9'2<17A &A&22&': ,1 <'*,A7/, )511>-C

D.00%&0 '92=,27 , ;&02# 2+2&' ,',E890: =<$% ;<'%2<0<A ;F$$*+0%&- .AA1&$&:

A1</1,2,: A-,'9/A1</<A, #A ;<'%2<0<A '&A1C

 !"!6! #$%&'()*! A! #$% -.$$/0 % 09(#1;#,02: (!9(';> %> !" #$% &' ()>4! 

 #; -'1%(' '25 !""'9 '(( 2,!"!<>2! /! *
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!"#$%& '(#)*(+(,,%-./0

12 34-)4+

f(x, y) :=















x

y
ha y 6= 0

0 ha y = 0

.

5.*4#647",8 */.*(6%+)/ IR2
9 ,7/&/$%, /7 y = 0 4-)4+4, 64+*"+ :/+9 ;8,74+

/ '<--:"+) *4*,7=#4-4, (x, y) >(+*?/+ '(#)*(+(,9 &8:":4 ;/ y = 02

 2 34-)4+

f(x, y) :=















2xy

x2 + y2
ha (x, y) 6= (0, 0)

0 ha (x, y) = (0, 0)

@ '<--:"+) '(#)*(+(,9 ;/ ,46 x ,46 y +46 02 A/ y 6= 09 /&&(. f(x, y)9 68+*

x '<--:"+)4 '(#)*(+(,9 ",

lim
x→0

f(x, y) = 0.

A/ x 6= 09 /&&(. f(x, y)9 68+* ) '<--:"+)4 '(#)*(+(,9 ",

lim
y→0

f(x, y) = 0.

B4&8+*,<& /7 x = y 4-)4+4,*2 C74+ 4-)4+4, 64+*"+ f(x, x) ≡ 12 B4;%* ;/

4++4& /7 4-)4+4,+4& / 64+*"+ 4-) ,(.(7/**/# */.*D+& 0E?/9 /&&(. / '<--E

:"+)".*"&4& ,(.(7/*/ /7(+(,/+ 1 #4,79 F-) / ;/*%.".*"& 8,2 f *4;%*  !" #$%&'

($ $) * (0, 0)'+* 2

G2 !"#$/2 34-)4+

f(x, y) :=















x2y2

x2 + y2
ha (x, y) 6= (0, 0)

0 ha (x, y) = (0, 0)

H(#)*(+(,E4 / (0, 0) >(+*?/+I

J-4+2 @ ,(.(7/*'(#)*(+(,,%-(* 8-/7(#KD&2 34-)4+ (Pn) 4-) (#)/+ ,(.(7/*9

64#).4 limn→∞ Pn = 02 34-)4+4& (Pn) >(#%.&((.$8+%*%8 Pn = (rn, θn)2



 !"! #$%&'(%)*+, -.//&$012#  !

"##$% &'()*+& limn→∞ rn = 0, -./ 0 (θn) 1$%$203 4+%-()'5& )56537 8 95&3(

#:;)53&5# -5/95)5)<5& (x, y) 6= (0, 0) 5153:& f(x, y) ./' .%603=>

f(x, y) =
r2 cos2(θ) r2 sin2(θ)

r2
= r2 cos2(θ) sin2(θ).

"2:%3 *0)=40&

lim
n→∞

f(Pn) = 0,

356+3 0 9?//*:&' *0)=40& 9$)'3$&$17

 !"!"! #$%&'!  !"#$%&" '(')#* +),-)& f : S → IR ."#-'"&"/ .0,,1(&-2 3)#-4

&)5 (6')#3)$(/7 '%6'"383-% S⊂IR2
9//$).0,,:; +),-)& % '%6'"38&- 5(' ')'4

/$:#),)/ <"&'=% P = (x, y) (/ P ′ = (x′, y′)2 3)#-)56)

a = f(x, y) < f(x′, y′) = b.

>55"6 ')'/$:#),)/ cǫ(a, b) /$83?"$ #(')$75 ),- "#-%& Q = (x0, y0)ǫS <"&'2

3)#-6) f(x0, y0) = c.

()*+,-.%/0! 82 S 30%3$-+&' @11259?//<, 52:%3 ):352(# P A3 :1 P ′
A3 @1125#@3<

SA45)( 9$)'3$&$1 /@%457 "2 023 B5)5&3(, 6$/' ):352(# $)'0&

γ : [α, β] → IR2

t 7→ (x(t), y(t))

9?//*:&', -5)'%5

γ(α) = (x, y), γ(β) = (x′, y′),

:1 02 (x(t), y(t)) #$$%C(&+30A9?//*:&'5# 9$)'3$&$10#7 D52511?# 45 02

F (t) := f(x(t), y(t))

*0)=1 9?//*:&'37 F : [α, β] → IR 9$)'3$&$1, -5)'%5 F (α) = a :1 F (β) = b7 E/'

02 5/'C(-5&2(=1 9$)'3$&$1 9?//*:&'5#%5 (1-5%3 F$)20&$A3:35) 125%(&3 ):352(#

$)'0& ξǫ(α, β), -5)'%5 F (ξ) = c7 "2:%3 0 Q := γ(ξ)ǫS ;$&3%0 f(Q) = c7
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 !"!#! $%&'()*+!  !"#!$ f : S → IR %&'(( )*""+,$#- S⊂IR2
(%.('/0$#1

23( /'$&456- 7'"# f !"#!$8!(!9!$ )'8#('$'9 S:;!$- 7% (!(93<8!"!9 ε > 0:7'3

8,(!3=6 δ > 0- 7'"# 7% P, P ′ǫS >'$('6.%

‖P − P ′‖ < δ akkor |f(P )− f(P ′)| < ε.

2 δ = δ(ε) 930/'( %3 ε:7'3 (%.('3? )'8#('$'990"= /'&5859$%6 7@+4561

 !"!,! $%&'()*+! 23 f : S → IR 6,(+08('3?9 +%8?9 )*""+,$#  =>9A7=(3 )'8#:

('$'9- 7% 8,(!3=6 !"# '8#%$ L > 0 930/- /!8#.!

|f(P )− f(P ′)| ≤ L · ‖P − P ′‖

(!84!9*8 /=$&!$ P, P ′ǫS >'$(.%1 23 L 930/'(  =>9A7=(3:6'$9(%$9$%6 7@+4561

B!"4!"#3,91 "#$%&'%(%) *+'$(+&+)),#+( (%.('/0$#;%$ -%.&/,'(012 &%3 4%-/#

4+&(56&7

 !"! ! -..(/01! C% f !"#!$8!(!9!$ )'8#('$'9 S:$- %66'. S /=$&!$ >'$(40;%$

)'8#('$'91 C% f  =>9A7=(3 )'8#('$'9 !"# (%.('/0$#;%$- %66'. '(( !"#!$8!(!9!$

=9 )'8#('$'91

2*34'5(/01! 8%()9:'%#%) ε )9,3;+9 6 δ := ε
L 3%#*%'%'(%(<) => '%)97

 !"!#! $%&'()%* +* ,(&) -.'/.,%0 1%'2)%0%* 13445+0267

 !"!6! 78/%.!  !"#!$ S 6'.80('9 ,9 30.( (%.('/0$# IR2
:;!$1 D!"#*6 )!8- 7'"#

f : S → IR )'8#('$'9 )*""+,$#1 E66'. f !"#!$8!(!9!$ =9 )'8#('$'91

2*34'5(/01! ?&-/@%1(2 A'%3,)+'=01A 69 %#$B,'(+9>) 5/9+&$C(,)(7 8%#$D1 *%'2

;+#$ 6 *D##B<&$ &%3 %#$%&'%(%)%& *+'$(+&+)7 "9 69( =%'%&(/2 ;+#$ B6& +'$6&

ε > 02 3%'$@% &/&E) A=>A δ2 6969 3/&-%& ;+#$ δ > 0F;+9 '<(%9&%1 P, P ′

4+&(+12 3%'$%1@%

‖P − P ′‖ < δ, de |f(P )− f(P ′)| > ε.



 !"! #$%&'(%)*+, -.//&$012#  !

"#$%&'()$ #*' +* ε,'- .$$/0 + δ = 1/n,1#* %( 23'#*%$ Pn, P
′

n4 1/567

‖Pn − P ′

n‖ <
1

n
, |f(Pn)− f(P ′

n)| > ε.

8%*(592:;$ <#5 + (Pn) 3( (P
′

n) (/0/*+'/$+'-

=%>#2 S $/029'/(4 <%&? + $3' (/0/*+' $/029'/(4 #*30' 23'#*%$ $/&>#05#&( 03(*,

(/0/*+';$- @#56#&#$ #*#$ +* #56(*#0A(35 $#?>330' <+5;$ +* #0#?#'% (/0/*+,

'/$7

lim
n→∞

Pn = P, lim
n→∞

P ′

n = P ′.

B#29':;$4 1/56 P = P ′. .*#$ '9>/2(959' C#D()2:)$ + 190/<(*E5,#56#&2F'2#&(35

G#21+(*&929(9>+27

‖P − P ′‖ = ‖P − Pn + Pn − P ′

n + P ′

n − P ′‖ ≤

≤ ‖P − Pn‖+ ‖Pn − P ′

n‖+ ‖P ′

n − P ′‖.
@#56#& η > 0 '#'(*F2#5#(- .11#* 23'#*%$ N $)(*EC%&?#H4 1/56 1+ n > N

+$$/0

‖Pn − P‖ <
η

3
, ‖P ′

n − P ′‖ <
η

3
,

1

n
<

η

3

.*30' +* #2F*F #56#&2F'2#&(35#' G/26'+'>+7

‖P − P ′‖ ≤ η

3
+

η

3
+

η

3
= η

I56 + P = P ′
J/&' +* S '+0'/<9&6&+$ #56 '/0K?9(% J/&':+4 3( S *90'(95+

<%+'' PǫS- L'' + G)55>3&6 G/26'/&/(- M $%>92+(*'/'' ε > 0,1/* 23'#*%$ δ > 04

1/56 ∀Q,0+7 ‖Q − P‖ < δ,CK2 $E>#'$#*%$4 1/56 |f(Q) − f(P )| < ε4 +<%

#22#&'</&? +* %&?%0#$' G#2'3'#2&#$- .**#2 +* '3'#2' C#29'';$-

 !"!#! $%&'(!  !"#"$%&$'%% () &*&"+", -"./"0 f : S → IR 12+/&202% 13..4*0/5

'62+ S⊂IR2
72$+8&2% *% 98$&) :772$ f 72$+8&2%5 '9'9 *$&*77*%9+"&" 72$+8&2%)

)*+,-./&01! L&?%0#$'- "#56)$ G#24 1/56 f 30'3$$3(*2#'# &#< $/029'/(- .* +*'

:#2#&'%4 1/56 <%&?#& n '#0<3(*#'#( (*9<&92 &+56/CC 30'3$#' G#2>#(* >+2+<#26

Pn = (xn, yn)ǫS J/&'C+&4 +*+*

|f(xn, yn)| > n, nǫIN.



 !  !"!#!$ %& $'(()*+$,#-. )/+-.  011)234!5

"#$%& ' (Pn) ()*+,)-).'+ -/,.% ' 0)-&1+), S 2'&3'.*'04 %./-+ ' ()*+,)-).'+

#, 0)-&1+),5 6#$1&',.+2'+7 8%&9&% 0)*$%-:%*, -/,.;,)-).'+4 &%:<%* %. (Pnk
)5

=**%0 2'+1-/-+/0/+ >%&?&>% P05 S .1-+,1:' 3#'++ P0ǫS4 /, #++ f @)&<+)*),5

=./-+ %:<-/,.+ ' @)&<+)*),,1: 3#'++

lim
n→∞

f(xnk
, ynk

) < ∞,

31,-/,.+ '. #*A#-%0+ @%&+%$/, ,.%-#*+

|f(xnk
, ynk

)| > nk, nk → ∞,

'3# %&&%*+3)*A1,5

 !"!#! $%&'(!  !"#"$%&$'%% (() &*&"+", -.$+/&.% *% 0/$& &'$&.1/23.2 4.+3&.5

2.% 46778*23 4"+8"%0# ' 1'9#1:1/& *% 1#2#1:1/&)

)*+,-./&01! B%:<%* H := {f(x, y) : (x, y)ǫS}5 C%&?&>% %**%0 ,D(-%3D31+

β = supH5 E ,D(-%3D3 A%F*GH#7>' 3#'++ &/+%.#0 (hn)⊂H ,)-).'+4 2):<

lim
n→∞

hn = β.

IDA>D04 2):< hn = f(xn, yn)4 '2)& Pn = (xn, yn)5 E (Pn) ,)-).'+ S;8%* $'*4

%./-+ 0)-&1+),4 +%21+ $'* 0)*$%-:%*, -/,.,)-).'+'4 &%:<%* %. (Pnk
)5

lim
k→∞

Pnk
= PǫS,

2#,.%* S .1-+5 =88%* ' P ()*+8'* ' @J::$/*< @)&<+)*),4 +%21+

lim
k→∞

f(Pnk
) = f(P ).

"1,-/,.+

lim
k→∞

f(Pnk
) = β,

2#,.%* -/,.,)-).'+' (f(xn, yn));*%04 %./-+ β = f(P ) < ∞5



 !"! #$%&'(%)*+, -.//&$012#  !

 !"!#! $%&'()(&)*

 !"!#! $%&'()*+!  !"#!$ f : S → IR %&'()*'+,-. (/*-. 01""(&$#2 P0 =

(x0, y0)ǫIR
2
/, &3'!*4!,&.5 '/3'+4)$# !"# '+3*-6).5 7+$'8/9 :,' 4+$68;%2

<+"# /, f 01""(&$# </')3&3'&%! / P0 = (x0, y0) 7+$'=/$ L2 /,/,

lim
(x,y)→(x0,y0)

f(x, y) = L,

</ 45$6!$ ε > 0 ><+, *&'!,5% δ > 0 .,)42 <+"# </

(x, y)ǫS, 0 <
√

(x− x0)2 + (y − y0)2 < δ,

/%%+3 |f(x, y)− L| < ε

"# $%&'()$*#(+, $,$-.$# ./,0*1+/* )0,- (, )$%20%/1)/#./-+ /# )'(5'!*5 !*(3

 !"!"! ,--(./0!

lim
(x,y)→(x0,y0)

f(x, y) = L

7+$'+./$ /%%+3 '!*8!.1*2 </ ∀Pn = (xn, yn)ǫS2 Pn 6= P0 .+3+,/'3/2 4!*#3!

lim
n→∞

Pn = P0

'!*8!.1*2 <+"#

lim
n→∞

f(Pn) = L.

45 ?&*6/9 6$%&$* S = IR2 \ {(x, 0), xǫIR}, 7, -$8(*-,98 /#- /# f : S → IR

29%%:7*&-; )$1&<$

f(x, y) = e−x2/y,

./ y 6= 05 6$%&$* P0 = (x0, 0) =0*-; /.01 x0 6= 0 <>%#?-$--5 @880<

lim
(x,y)→(x0,0)

e−x2/y = lim
y→0

e−x2

0
/y = 0

A/ /# y = kx2 =/</B01/ )$*-7* -/<-C*8 / 0D.0#; /#/# -$8(*-9*8 $%& (xn, kx
2
n) =

Pn ,0<0#/-0-; )$1&<$ limn→∞ xn = 05 @880< )(*'$* nD<$

f(Pn) = e−x2
n/kx

2
n = e−1/k.
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"#$%& ' (0, 0)()#*+ $'&%,-,&-. /011 ' 23,34'& 5%*'24&%2%&6*7 #4-,& ' /0115-89

$'&%,-,&-.# 8#: *-&#4+. ' (0, 0) ;38&)'8<

 <  !"#$% =#19#8

f(x, y) :=















x+ 2y

3x− y
ha 3x− y 6= 0

0 ha 3x− y = 0

=#19#8 an = 1/n7 -2 '4 #19+. ;38&23,34'&

Pn = (an, a
2
n).

>..3,

f(Pn) =
n+ 2

3n− 1
,

-2 ?19 &#$%&

lim
n→∞

Pn = 0, lim
n→∞

f(Pn) =
1

3
.

=#19#8 #19 :%2+. ;38&23,34'&

P ′

n = (a2n, an).

>..3,

f(P ′

n) =
1 + 2n

3− n
,

-2 ?19 &#$%&

lim
n→∞

P ′

n = 0, lim
n→∞

f(Pn) = −2.

>4-,& '4 3,+16)'8 8+8@2 $'&%,-,&-.# ' /0115-898#.< A /#8&+ 138B3*'&:#8#&(

)#8 *-89#1-)#8 '4 &C,&-8+.7 $319 ' (0, 0)()#*+ $'&%,-,&-.#& .-&/'D&' .C4#*?&-2(

2#* ;,6)%*DE. :#1 .+24%:3*8+< >19,-24&

lim
x→0

lim
y→0

x+ 2y

3x− y
= lim

x→0

x

3x
=

1

3
.

F%2,-24&

lim
y→0

lim
x→0

x+ 2y

3x− y
= lim

y→0

2y

−y
= −2

"#$%& :+5#* −2 6= 1/3 #4-,& 8+8@2 $'&%,-,&-.< F#1D#19#440.7 $319 $' '

/#8&+ $'&%,-,&-.#. #19#8*G#. *#88-8#.7 '4 :-1 8#: 53*8' #*-1 ' .-&B+:#84+62

$'&%,-,&-. *-&#4-2-$#4<



 !"! #$%%&'&()$*+,-*./0*,  !
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0

"#!# $%&'# (  # )*+,$%'- ./0&0)+1 23445*-6 ' 7 89&3+

 !"! #$%&'&()$*+,-*./0*,

 !"! ! #$%&'()'* +,%'-().$/

 !"! ! #$%&'()*!  !"#!$ f : S → IR %&'()*'+,-. (/*-. 01""(&$#2  !"#!$

(x0, y0) /, S 3/*4/, 5!*.6 7+$'8/2 9/ *&'!,:% /

lim
x→x0

f(x, y0)− f(x0, y0)

x− x0

(&"!. 3/');&;'&%< /%%+; !,' / 4!$$#:.&"!' / 01""(&$# x .,!;:$': 7/;=:)*:. >!?

;:()*'8)$/% $!(!,,1% /, (x0, y0) 7+$'5/$2 @,' A"# 8!*B*81%C

f ′

x(x0, y0),
∂

∂x
f(x0, y0).

9/ *&'!,:% /

lim
y→y0

f(x0, y)− f(x0, y0)

y − y0
(&"!. 3/');&;'&%< /%%+; !,' / 4!$$#:.&"!' / 01""(&$# y .,!;:$': 7/;=:)*:. >!?

;:()*'8)$/% $!(!,,1% /, (x0, y0) 7+$'5/$2 @,' A"# 8!*B*81%C

f ′

y(x0, y0),
∂

∂y
f(x0, y0).


