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▼❡❣❥❡❣②③&'✳ ❆ ❦$♥♥②❡❜❜ )*❧)*❤❛*./)❣ ❦❡❞✈334* ❛ ❢❡♥*✐ ❢♦4♠✉❧❛ ❛4❣✉♠❡♥*✉✲

♠♦❦ ♥3❧❦;❧✿

(

f ◦ (ϕ, ψ)
)

′

= f ′xϕ
′ + f ′yψ

′

❊❧➤❛❞.'♦♥ ❡❧♠♦♥❞♦♠ ❛ ❜✐③♦♥②45.'5✳ ❆❦✐ ♥❡♠ ❥❡❣②③❡5❡❧✐ ❧❡✱ ❜✐③♦♥②45'❛ ❜❡ ✭♥❡♠

♥❡❤&③ ❍❋✮✳

 !❧❞❛✳ ❑3*✈)❧*♦③./ f ❢;❣❣✈3♥② α ✐4)♥② ♠❡♥*✐ ❞❡4✐✈)❧*❥)* /③)♠♦❧❥✉❦ ❛③ (x, y)

♣♦♥*❜❛♥✳ ❊❤❤❡③ ❛③ f(x, y) ❢;❣❣✈3♥②❜❡ ❜❡❤❡❧②❡**❡/C*❥;❦ ❛

ϕ(t) = x+ t cosα, ψ(t) = y + t sinα

✈)❧*♦③.❦❛*✱ 3/ ❛ ❞❡4✐✈)❧*❛* ♥3③③;❦ ❛ t = 0 ❤❡❧②❡♥✳ ❆ ❢❡♥*✐ *3*❡❧ ❛❧❛♣❥)♥✿

F (t) = f(x+ t cosα, y + t sinα)

❞❡4✐✈)❧*❥❛ ❛ t = 0 ❤❡❧②❡♥✿ F ′(0) =

= f ′x(x+ 0 cosα, y + 0 sinα)ϕ′(0) + f ′y(x+ 0 cosα, y + 0 sinα)ψ′(0) =

= f ′x(x, y) cosα+ f ′y(x, y) sinα.

❊③ ❛ ❥.❧ ✐/♠❡4* ❢♦4♠✉❧)* ❛❞❥❛✳

▲'♥❝*③❛❜'❧②✱ ✸✳ *♣❡❝✐'❧✐* ❡*❡3

❆❞♦** f(u, v) ❦3*✈)❧*♦③./ ❢;❣❣✈3♥②✱ ❛❤♦❧ ❛③ u 3/ v ✈)❧*♦③.❦ ❤❡❧②34❡ ❦3*✈)❧*♦③./

❢;❣❣✈3♥②❡❦❡* ❤❡❧②❡**❡/C*;♥❦✿

u = φ(x, y), v = Ψ(x, y).

▲❡❣②❡♥❡❦ ψ, φ : R→ IR✱ R ⊂ IR2 ❛❞♦** ❦3*✈)❧*♦③./ ❢;❣❣✈3♥②❡❦✳ ❏❡❧$❧❥❡✿

S := {(u, v) : u = φ(x, y), v = ψ(x, y), (x, y)ǫR}.

❊❦❦♦4 ❛③ $//③❡*❡** ❢;❣❣✈3♥②✱ ♠❡❧②❡* ❛③

F (x, y) = f(φ(x, y), ψ(x, y))
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❇✐③♦♥②&'()✳ ❆ ❞❡✜♥'❝✐*❜*❧ ❦.③✈❡1❧❡♥2❧ ❧31❤❛1*✳

▼❡❣❥❡❣②③&'✳ ❯❣②❛♥❡③ ❛ ♠;<1;❦ ❞❡✜♥✐3❧❤❛1* n✲❞✐♠❡♥③✐*> 1;<❜❡♥ ✐>✱ ❡❦❦♦< n

❞✐♠❡♥③✐*> ♥;❣②③❡1<3❝>♦> ❢❡❧♦>③13>1 ❛❧❦❛❧♠❛③✉♥❦✳

✷✳✶✳✷✳ ❑❡%%➤' ✐♥%❡❣+,❧

▲❡❣②❡♥ R ⊂ IR2 ♦❧②❛♥ ♠;<❤❡1➤ ❤❛❧♠❛③✱ ❛♠❡❧② ❦♦<❧31♦> ;> ③3<1✳ ❆❞♦11 ❡③❡♥

❡❣② f : R→ IR+ ❢♦❧②1♦♥♦> ❢2❣❣✈;♥②✳ ❈;❧✉♥❦✱ ❤♦❣② ♠❡❣❤❛13<♦③③✉❦ ❛③ f(x, y)

❢❡❧2❧❡1 ❛❧❛11✐ 1;<<;>③✱ ❛③❛③ ❛ ❦.✈❡1❦❡③➤ ❤3<♦♠ ❞✐♠❡♥③✐*> 1❛<1♦♠3♥② 1;<❢♦❣❛131✱

V (S)✲1✿

S = {(x, y, z) : (x, y)ǫR, 0 ≤ z ≤ f(x, y)},

❚❡❦✐♥1>2❦ ❛③ R ❤❛❧♠❛③ ❢❡❧♦>③13>31 ♦❧②❛♥ ♠;<❤❡1➤ ❤❛❧♠❛③♦❦<❛✱ ♠❡❧②❡❦♥❡❦

♥✐♥❝> ❦.③.> ❜❡❧>➤ ♣♦♥1❥✉❦✿ R = R1 ∪ . . . ∪Rn✳ ❏❡❧.❧❥❡

mi = inf{f(x, y) : (x, y)ǫRi}, Mi = sup{f(x, y) : (x, y)ǫRi}.

❊❦❦♦<

sn =
n
∑

i=1

A(Ri)mi ≤ V (S) ≤
n
∑

i=1

A(Ri)Mi = Sn.

✷✳✷✳ 3❜<❛✳ ❆③ ✐♥1❡❣<3❧ ❦.③❡❧'1;>❡
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yi = y(ti)✱ i = 0, 1, 2, . . . n✳ ❊❦❦♦( ❛ ❢❡❧-❧❡. ❢❡❧/③1♥❡ ❦3③❡❧1.✈❡✿

I ≈
n
∑

i=1

f(xi, yi) · ‖(x1, y1)− (xi−1, yi−1)‖ ≈
n
∑

i=1

f(xi, yi) · s(P̂i−1Pi),

❛❤♦❧ ❛ ❥♦❜❜♦❧❞❛❧ ✉.♦❧/; .❛❣❥=❜❛♥ ❛ P̂i−1Pi 1✈❞❛(❛❜ ❤♦//③❛ /③❡(❡♣❡❧✳ ❊③ ❛❧❛♣❥=♥

❛ ✈♦♥❛❧✐♥.❡❣(=❧ ❤❛.=(=.♠❡♥❡..❡❧ ♠❡❣❦❛♣❤❛.;✿

I =

∫

Γ
f(x, y) ds :=

b
∫

a

f(x(t), y(t)) ·
√

x′2(t) + y′2(t) dt.

❊③ ❛ ❞❡✜♥1❝✐; .❡./③➤❧❡❣❡/ ✭♥❡♠ ❝/❛❦ ♣♦③✐.1✈ E(.E❦➯✮ ✐♥.❡❣(=❧❤❛.; ❢-❣❣✈E♥②(❡

❛❧❦❛❧♠❛③❤❛.;✳

✷✳✺✳✶✳ ❉❡✜♥(❝✐+✳ ❆③ f ❢#❣❣✈&♥② ✈♦♥❛❧✐♥-❡❣/0❧❥0- ❛ Γ ❣2/❜❡ ♠❡♥-&♥ 5❣② &/-❡❧✲

♠❡③③#❦✿

∫

Γ
f(x, y)ds =

∫ b

a

f(x(t), y(t))
√

x′(t)2 + y′(t)2dt.

■❣❛③♦❧❤❛.;✱ ❤♦❣② ❛ ❢❡♥. ❞❡✜♥✐=❧. ✈♦♥❛❧✐♥.❡❣(=❧ E(.E❦❡ ♥❡♠ ❢-❣❣ ❛ ❣3(❜❡ ♣❛(❛✲

♠E.❡(❡③E/E.➤❧✳

9&❧❞❛✳ ❙♣❡❝✐=❧✐/ ❡/❡.❦E♥. ❧❡❣②❡♥ f(x, y) ≡ 1. ❊❦❦♦( ❛ ✈♦♥❛❧✐♥.❡❣(=❧ E(.E❦❡

∫

Γ
1ds = s(Γ),

❛ ❣3(❜❡ 1✈❤♦//③❛✳

▼❡❣❥❡❣②③&=✳ ❆③ ✐❧②❡♥ .1♣✉/✉ ✈♦♥❛❧✐♥.❡❣(=❧♥❛❦ ♠❡❣❢❡❧❡❧➤ ✜③✐❦❛✐ ♠❡♥♥②✐/E❣ ❛③

❡♥❡(❣✐❛✳

✷✳✺✳✷✳ ❱❡❦&♦(♠❡③➤ ✈♦♥❛❧✐♥&❡❣(2❧❥❛

✷✳✺✳✷✳ ❉❡✜♥(❝✐+✳ ✭❚&/❜❡❧✐ ❏♦/❞❛♥ ❣2/❜❡✮ ❆❞♦-- ❡❣② [a, b] ⊂ IR ✈&❣❡= ✐♥-❡/✈❛❧✲

❧✉♠✱ &= ❛❞♦-- ❡③❡♥ ❛③ ✐♥-❡/✈❛❧❧✉♠♦♥ ❤0/♦♠ ✈❛❧E= ❢#❣❣✈&♥② x, y, z : [a, b]→
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❇✐③♦♥②&'()✿ ■❞➤&❛(&♦♠+♥②❜❛♥ ❧+&❥✉❦ ❜❡✳ ✭❆ ❢(❡❦✈❡♥❝✐❛&❛(&♦♠+♥②❜❛♥ &❡❧❥❡;❡♥

❤❛;♦♥❧=❛♥ ✐❣❛③♦❧❤❛&=✳✮

F(f ∗ g, s) =
1√
2π

∫

∞

−∞

(f ∗ g)(x) · e−isxdx =

=
1√
2π

∫

∞

−∞

(
∫

∞

−∞

f(y) · g(x− y)dy
)

· e−isxdx =

=
1√
2π

∫

∞

−∞

f(y) · e−isy
∫

∞

−∞

g(x− y) · e−is(x−y)dx dy =

=
1√
2π

∫

∞

−∞

f(y) · e−isy
∫

∞

−∞

g(u) · e−isudu dy =

=
1√
2π

∫

∞

−∞

g(u) · e−isudu · 1√
2π

∫

∞

−∞

f(y) · e−isydy ·
√
2π =

=
√
2π · F(g, s) · F(f, s)

✸✳✼✳ ❉✐%❛❝✲❞❡❧,❛ ❢.❣❣✈1♥②

▲❡❣②❡♥ ε > 0 &❡&;③➤❧❡❣❡;✱ C; ♠✐♥❞❡♥ ε✲(❛ ❞❡✜♥✐+❧❥✉❦ ❛③ ❛❧+❜❜✐ ❢F❣❣✈C♥②&✿

δε(x) =































0, ❤❛ x = 0,

1

2ε
, ❤❛ 0 < |x| < ε,

0, ❤❛ |x| ≥ ε.

❊❦❦♦( ♠✐♥❞❡♥ ε✲(❛
∫

∞

−∞

δε(x)dx = 1.

❑✐;③+♠♦❧❥✉❦✱ ♠✐ ❧❡;③ ❛ δε(x) ❢F❣❣✈C♥②❡❦ ❋♦✉(✐❡( &(❛♥;③❢♦(♠+❧&❥+♥❛❦ ❤❛&+(✲

C(&C❦❡ ε→ 0 ❡;❡&C♥✳ ➪❧&❛❧+❜❛♥✱ &❡&;③➤❧❡❣❡; f ❢♦❧②&♦♥♦; ❢F❣❣✈C♥② ♠❡❧❧❡&&✿

∫

∞

−∞

f(x)δε(x)dx =
1

2ε

∫ ε

−ε

f(x)dx =
1

2ε
f(ξ) · 2ε = f(ξ),

❛❤♦❧ ξǫ(−ε, ε) ❧C&❡③C;C& ❛③ ✐♥&❡❣(+❧✲❦L③C♣C(&C❦ &C&❡❧ ❜✐③&♦;N&❥❛✳ ❊③C(& &❡❤+&

lim
ε→0

∫

∞

−∞

f(x)δε(x)dx = lim
ε→0

f(ξ) = f(0).
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❑!✈❡$❦❡③♠(♥②✳ ❆ ♠%& ♠❡❣✐*♠❡&+ ❡❧❡♠✐ ❢.❣❣✈0♥②❡❦ ❦✐+❡&❥❡*③+❤❡+➤❦ ❦♦♠♣❧❡①

❛&❣✉♠❡♥+✉♠&❛✳ >0❧❞%✉❧ f(z) = ez✲&❡✿

ez =
∞
∑

n=0

zn

n!
.

✺✳✷✳ ❑♦♠♣❧❡① ❢+❣❣✈.♥②❡❦

▲❡❣②❡♥ D ⊂ C ❡❣② +❛&+♦♠%♥② ❛ ❦♦♠♣❧❡① *③%♠*C❦♦♥✳ f : D → C ❢.❣❣✈0♥②+

+❡❦✐♥+.♥❦✳ ❆ ❢.❣❣❡+❧❡♥ ✈%❧+♦③D+ z = x + iy✱ ❛ ❢.❣❣➤ ✈%❧+♦③D+ w = u + iv

❥❡❧F❧✐✳ ❚❡❤%+ ❛ ❤♦③③%&❡♥❞❡❧0* w = f(z) = u+ iv✳

✶✳ ,(❧❞❛✳ ▲❡❣②❡♥ f(z) = z2✳ ❊❦❦♦&

w = z2 = (x+ iy)2 = (x2 − y2) + i(2xy),

❡③0&+ ❛ ❢.❣❣➤ ✈%❧+♦③D❦

u = x2 − y2, v = 2xy.

❆ ❢.❣❣✈0♥② ♠✐♥❞❡♥.++ 0&+❡❧♠❡③✈❡ ✈❛♥✱ f : C→ C✳

✷✳ ,(❧❞❛✳ ▲❡❣②❡♥ f(z) =
1

z
✳ ❊❦❦♦&

1

z
=

1

x+ iy

x− iy
x− iy =

x− iy
x2 + y2

=
x

x2 + y2
− i y

x2 + y2
.

❆ ❢.❣❣✈0♥② ♠✐♥❞❡♥ z 6= 0 ❡*❡+0♥ 0&+❡❧♠❡③✈❡ ✈❛♥✳

●❡♦♠❡$%✐❛✐ ❧❡)%*+

❆ ❦♦♠♣❧❡① ❢.❣❣✈0♥②❡❦ ♣♦♥+♦* %❜&%③♦❧%*%&❛ ♥0❣② ❞✐♠❡♥③✐D&❛ ❧❡♥♥❡ *③.❦*0✲

❣.♥❦ ✲ ❡③ ♥❡♠ ♠❡❣②✳ ❮❣② ♠❡❣❡❧0❣*③.♥❦ ❛③③❛❧✱ ❤♦❣② ❦0+ ❦♦♠♣❧❡① *③%♠*C❦♦+

&❛❥③♦❧✉♥❦✿ ❛③ ❡❣②✐❦❡♥ ❛③ 0&+❡❧♠❡③0*✐ +❛&+♦♠%♥②+✱ ❛ ♠%*✐❦ ❛③ 0&+0❦❦0*③❧❡+❡+

%❜&%③♦❧❥✉❦✳ ❊♥♥❡❦ *❡❣C+*0❣0✈❡❧ ❛③+ +✉❞❥✉❦ ♠❡❣❛❞♥✐✱ ❤♦❣② ❡❣②✲❡❣② ❦♦♥❦&0+
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