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Chapter 1

Basic concepts

1.1 Wide sense stationary processes

Exercise 1.1 Let (yn) be a wide sense stationary process and let us de�ne

un = a1yn−1 + · · ·+ apyn−p, with ak real, k = 1, . . . p.

Show that (un) is also a wide sense stationary process.

Solution: The mean value:

E(un) = E

(
p∑

k=1

akyn−k

)
=

p∑
k=1

akE (yn−k) = 0.

The covariance of un and un+τ is the following:

Eun+τun = E

(
p∑

k=1

akyn−k+τ

p∑
l=1

alyn−l

)
=

p∑
k=1

p∑
l=1

akalE(yn−k+τyn−l) =

p∑
k=1

p∑
l=1

akalr(l − k + τ).

It is indeed independent of n. �

Exercise 1.2 De�ne the p× p matrix R = (Rk,l) by

Rk,l = r(l − k), k, l = 1, . . . p.

Set

Y = (yn−1, . . . , yn−p)
T .

Prove that the matrix R de�ned above can also be written as R = E(Y Y T ).

4
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Solution: We have

Y Y T =

 yn−1

...

yn−p

 · (yn−1 . . . yn−p)
T ,

thus (Y Y T )k,l = yn−kyn−l. Then

E(Y Y T )k,l = Eyn−kyn−l = r(n− k − n+ l) = r(l − k).

�

Exercise 1.3 Using the representation R = E(Y Y T ) prove that R is symmetric and

positive semide�nite.

Solution: As the autocovariance function is symmetric, (r(τ) = r(−τ)), the matrix R

is symmetric. We also have to prove, that for all a ∈ Rp, the quadratic form aTRa ≥ 0.

Indeed,

aTRa = aTE(Y Y T ) a = EaT (Y Y T ) a = E(aTY ) (aTY )T ≥ 0.

�

Exercise 1.4 Let y = (yn) be a complex-valued w.s.st. process with autocovariance func-

tion ry(·). Show that the matrix R = (Rk,l) de�ned by

Rk,l = ry(l − k), k, l = 1, . . . p

is a Hermitian, positive semi-de�nite Toeplitz matrix.

Solution: As the entry Rl,k only depends on l − k, it is a Toeplitz matrix. For complex

w.s.st. processes we have

Rk,l = ry(l − k) = ry(k − l) = Rl,k,

thus R is Hermitian. For all a ∈ Cp we have

aTRa = aTE(Y Y T ) a = EaT (Y Y T ) a = E(aTY ) (aTY )T ≥ 0.

�
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1.2 Orthogonal processes and their transformations

Exercise 1.5 Show that the sequence (yn,N) is a Cauchy sequence in L2 norm.

Solution: As yn,N =
N∑
k=0

hken−k, we have by the orthogonality of (ek) for N < M

∥yn,M − yn,N∥2 =
M∑

k=N+1

h2k < ε,

if N is large enough, since by assumption (hk) ∈ ℓ2. �

Exercise 1.6 De�ne yn by

yn =
∞∑
k=0

hken−k.

Show that y = (yn) is a wide sense stationary process.

Solution: We know from the previous exercise, that

yn = lim
N→∞

yn,N .

Then

Eyn = lim
N→∞

Eyn,N = 0.

Also, for the autocovariance function we have

lim
N→∞,M→∞

Eyn+τ,Nyn,M =
∞∑
k=0

hkhk+τ · σ2.

�

1.3 Prediction

Exercise 1.7 Show that if R is singular then yn can be predicted with 0 error.

Solution: If R is singular, then there is a nonzero vector v = (v1, . . . vp)
T , such that

vTR = 0, and also vTRv = 0. We can assume, that the �rst non-zero element of v equals

to 1. Also, we can assume that v = (1, v2, . . . , vp)
T . De�ne

ŷn =

p∑
k=1

(−vk+1)yn−k.
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Then

E(yn − ŷn)
2 = E

(
yn +

p−1∑
k=1

vk+1yn−k

)2

=

= vTE(yn, yn−1, . . . yn−p+1)
T (yn, yn−1, . . . yn−p+1) v = vTRv = 0,

thus the prediction error is 0. �

Exercise 1.8 ∗ Show that for the process (yrn) we have

Hyr

−∞ = {0}.

Solution: Let us recall that

yrn =
∞∑
k=0

cken−k, c0 = 1,

where e = (en) is the innovation process of y = (yn). Therefore y
r
n ∈ He

n for all n implying

Hyr

n ⊂ He
n for all n.

It follows that

Hyr

−∞ ⊂ He
−∞.

Now if v ∈ He
−∞ then v ∈ He

−n for all n. Since e = (en) is an orthogonal process we have

em⊥He
−nfor any m > −n.

In particular

em⊥v.

Note that the latter claim holds independently of n, for all n. It follows that

v⊥He = He
∞.

But, obviously, v ∈ He
∞. Thus we must have v = 0.

Exercise 1.9 ∗ Show that

Hy
−∞ = Hys

−∞.
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Solution: We have

yn = yrn + ysn, for all n.

The orthogonality yr⊥ys implies

Hyr

∞⊥Hys

∞ ,

and thus

Hyr

−n⊥H
ys

−n, for all n.

First we show that

Hy
−∞ ⊃ Hys

−∞.

To see this note that the de�nition

en = yn − (yn|Hy
n−1)

implies en ∈ Hy
n for all n, which in turn implies

He
n ⊂ Hy

n for all n.

But then yrn ∈ Hy
n implies

yrn ∈ Hy
n, for all n,

and hence ysn = yn − yrn we also have

ysn ∈ Hy
n, for all n.

We conclude from here that

Hys

n ⊂ Hy
n for all n,

which implies

Hys

−∞ ⊂ Hy
−∞.

Now to prove the opposite inclusion let v ∈ Hy
−∞. Then v ∈ Hy

−n for all n. The

decomposition of y as yn = yrn + ysn with yr⊥ys implies

Hy
−n = Hyr

−n ⊕Hys

−n

for all n, where ⊕ denotes orthogonal direct sum. Let us write v as

v = vr−n + vs−n

with vr−n ∈ Hyr

−n and vs−n ∈ Hys

−n. Then

vr−n = (v|Hyr

−n).
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Now letting n tend to in�nity we get that

lim
n→∞

vr−n = lim
n→∞

(v|Hyr

−n) = (v|Hyr

−∞)

But Hyr

−∞ = {0}, hence vr−n → 0 and we conclude that

v = lim
n→∞

vs−n.

Obviously, the right had side belongs to Hys

−m for all m and hence it belongs to Hys

−∞. �



Chapter 2

Prediction, innovation and the Wold

decomposition

2.1 Prediction using the in�nite past

Exercise 2.1 Prove that

(yn|Hy
n−1) = lim

p→∞
(yn|Hy

n−1,n−p) in L2(Ω,F , P ).

Solution: Let us denote

ŷn = (yn|Hy
n−1), and ỹn = yn − ŷn.

Thus

yn = ỹn + ŷn,

where ỹn ⊥ Hy
n−1, and also ỹn ⊥ (yn|Hy

n−1,n−p. Thus projecting both sides onto Hy
n−1,n−p)

we get

(yn|Hy
n−1,n−p) = (ŷn|Hy

n−1,n−p).

But ŷ ∈ cl (∪pHy
n−1,n−p) implies

lim
p→∞

(
(ŷn|Hy

n−1,n−p)− ŷ
)
= 0.

�

2.2 Singular processes

Exercise 2.2 Show that if Hy
n = Hy

n−1 for a single n, then Hy
n = Hy

n−1 for all n.

10
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Solution: We know, that the process (en) with en = yn−(yn|Hy
n−1) is a w.s.st. orthogonal

process. If Hy
n = Hy

n−1, then one of these random variable is zero, thus all of them are

zero. �

Exercise 2.3

yn = ξeinω, n = 0,±1,±2, . . . ,

Show that the above process is wide sense stationary.

Solution:

Eyn = Eξeinω = 0,

and

Eyn+τyn = Eξei(n+τ)ωξe−inω = σ2eiτω

is independent of n. �

Exercise 2.4 Show that y is singular, i.e.

Hy
n = Hy

n−1 for all n.

Solution: A simple proof is obtained by applying the result given in the following exercise.

�

Exercise 2.5 Let y be a w.s.st. process such that dim(Hy
n) < ∞ for some n. Then y is

singular.

Solution: Let dim(Hy
n) = p < ∞. Consider is a basis (yn−nk

), k = 1, . . . p. This is a

generator system, thus

yn =

p∑
k=1

ckyn−nk
,

with some ck ∈ R. It means, yn can be predicted with zero error. �

Exercise 2.6

yn =
m∑
k=1

ξke
inωk

Prove that the process y de�ned above is singular, i.e.

Hy
n = Hy

n−1 for all n.
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Solution: We apply previous Exercise. Let us consider m + 1 random variables in Hy
n:

yn0 , yn1 , . . . ynm . Then we can write
yn0

yn1

...

ynm

 =


ein0ω1 ein0ω2 . . . ein0ωm

ein1ω1 ein1ω2 . . . ein1ωm

...
...

...

einmω1 einmω2 . . . einmωm

 ·


ξ1

ξ2
...

ξm

 ,

or in compact form Y = A·Z. Here Y and Z are random variables, and A is a matrix with

constant elements from C. The dimension of the matrix is (m+1)×m, thus the rows are

linearly dependent. There is an α ∈ Cm+1 vector such that αTA = 0 and thus αTY = 0.

It means, that any m + 1 element in Hy
n is linearly dependent, thus dim(Hy

n) ≤ m < ∞,

and the process is singular. �

Exercise 2.7 A simple example for a real-valued singular process is given by

yn = cos(ωn+ φ) ω ̸= 0,

where φ is a random phase with uniform distribution on [0, 2π]. Show that (yn) is a wide

sense stationary process.

Solution: As φ is a random variable with uniform distribution on [0, 2π], its density

function is

f(x) =


1

2π
x ∈ [0, 2π]

0 otherwise

Thus the mean value

Eyn =

∫ 2π

0

cos(nω + x)
1

2π
dx = 0.

Applying the identity

cos(α) cos(β) =
cos(α− β) + cos(α+ β)

2

we get

yn+τyn = cos (ω(n+ τ) + φ) cos(ωn+ φ) =
cos(ωτ) + cos(ω(2n+ τ) + 2φ)

2
.

Taking expectation we get using the above argument, that

Eyn+τyn =
cos(ωτ) + 0

2
,

which is indeed independent of n. �
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Exercise 2.8 Show that (yn) is singular.

Solution: Apply the identity cos(α + β) = cos(α) cos(β)− sin(α) sin(β). We get

yn+1 = cos ((ωn+ φ) + ω) = cos(ωn+ φ) cos(ω)− sin(ωn+ φ) sin(ω),

thus

yn+1 = yn cos(ω)±
√
1− y2n sin(ω) ∈ Hy

n.

It means, that

Hy
n = Hy

n−1 for all n.

�

2.3 Wold decomposition

Lemma 1 For any random variable ξ ∈ L2(Ω,F , P ) we have

lim
m→∞

(ξ|H−m) = (ξ|H−∞).

Exercise 2.9 ∗ Prove Lemma 1.

Solution: We shall apply the dual of this lemma, Lemma 2 bellow. Let us denote the

orthogonal complement of H−m in L2(Ω,F , P ) by H+
m, i.e.

L2(Ω,F , P ) = H−m ⊕H+
m.

Then

(ξ|H−m) = ξ − (ξ|H+
m).

Applying Lemma 2 we get

lim
m→∞

(ξ|H+
m) = (ξ|H+

∞), H+
∞ = cl (∪mH+

m).

As H+
∞ is the orthogonal complement of H−∞, Lemma 1 is proved. �

Lemma 2 Let Hn ⊂ L2(Ω,F , P ) be a monotone increasing sequences of Hilbert sub-

spaces, i.e. Hn ⊂ Hn+1. Let

H∞ = cl (∪nHn),

with cl denoting the closure. Then for any x ∈ L2(Ω,F , P ) we have

lim
n→∞

(x|Hn) = (x|H∞).
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Exercise 2.10 ∗ Prove Lemma 2.

Solution: Let (x|H∞) = y, and write

x = y +∆x,

where ∆x ⊥ H∞. Then also ∆x ⊥ Hn for any n. Thus projecting both sides of the above

equality onto Hn we get

(x|Hn) = (y|Hn).

But y ∈ cl (∪Hn) implies that

lim
n→∞

(y − (y|Hn)) = 0,

thus (y|Hn) converges to y, and the proposition follows. �

Exercise 2.11 Show that the processes (ysn) and (yrn) are orthogonal, ys ⊥ yr, meaning

that

ysn ⊥ yrm for all n, m.

Solution: For any v ∈ Hy
−∞ and any k we have v ⊥ ek, since v ∈ Hy

k−1. By de�nition

ysn) ∈ Hy
−∞ (since ysn = (yn|Hy

−∞)), and yrn =
∑∞

k=0 cken−k, Thus for all n and m, ysn and

yrm are indeed orthogonal. �

Exercise 2.12 Show that for the process yr = (yrn) we have

Hyr

−∞ = {0}.

Solution: First, by de�nition yrn =
∞∑
k=0

cken−k, thus H
yr

n ⊂ He
n for all n. On the other

hand He
−∞ = {0}, since en⊥He

−∞ for all n.. �



Chapter 3

Spectral theory I.

3.1 The need for a spectral theory

Let

yn = en + cen−1.

Then

en = −cen−1 + yn,

and iterating this equation we get, assuming |c| < 1,

en =
∞∑
k=0

(−c)kyn−k.

Exercise 3.1 Show that the right hand side above is well de�ned.

Solution: Let us de�ne

eNn =
N∑
k=0

(−c)kyn−k.

Then for N < M we have

eMn − eNn =
M∑

k=N+1

(−c)kyn−k,

thus

E(eMn − eNn )
2 = ry(0) ·

M∑
k=N+1

c2k − 2ry(1) ·
M∑

k=N+2

(c2k+1 + c2k−1),

since ry(k) = 0 if |k| > 1. It follows, that (eMn ) is a Cauchy sequence as M → ∞, thus

the limit is well de�ned. �

15
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3.2 Fourier methods for w.s.st. processes

Proposition 1 We have

lim
N→∞

ξN(ωk) = ξk,

lim
N→∞

ξN(ω) = 0 for ω ̸= ωk

in the sense of L2(Ω,F , P ) and also w.p.1.

Exercise 3.2 Prove Proposition 1.

Solution:

ξN(ω) =
1

2N + 1

N∑
n=−N

yne
−inω =

1

2N + 1

N∑
n=−N

(
m∑
k=1

ξke
inωk

)
e−inω =

=
m∑
k=1

ξk

(
1

2N + 1

N∑
n=−N

ein(ωk−ω)

)
=

m∑
k=1

ckξk.

If ω = ωk for some k, then on the right hand side of the equation the coe�cient of ξk is

the following:

1

2N + 1

N∑
n=−N

ein(ωk−ωk) =
1

2N + 1

N∑
n=−N

1 = 1,

thus this term of the sum is exactly ξk.

If ω ̸= ωk, the coe�cient of ξk is the following:

ck =
1

2N + 1

N∑
n=−N

ein(ωk−ω) =
1 + 2

∑N
n=1 cos(n(ωk − ω))

2N + 1
.

We shall use the formula for the Dirichlet kernel:

1 + 2
n∑
k=1

cos(kx) =
sin
(
(n+ 1

2
)x
)

sin (x/2)
.

Thus

ck =
1

2N + 1

sin
(
(N + 1

2
)(ωk − ω)

)
sin ((ωk − ω)/2)

→ 0 for N → ∞.

It proves the Proposition. �

Corrolary 1 The spectral weights σ2
k can be obtained as

σ2
k = E|ξk|2 = lim

N→∞
E

∣∣∣∣∣ 1

2N + 1

+N∑
n=−N

yne
−inωk

∣∣∣∣∣
2

.

Exercise 3.3 Prove the above corollary.

Solution: This follows simply from the fact that ξN(ωk) → ξk in L2(Ω,F , P ). �
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3.3 Herglotz's theorem

Exercise 3.4 Show that the truncated rN(τ) sequence itself is an auto-covariance se-

quence.

Solution: Obviously, rN(τ) is a positive semi-de�nite sequence. Hence it is an auto-

covariance sequence.



Chapter 4

Spectral theory II.

4.2 Random orthogonal measures. Integration

Exercise 4.1 Prove, that for any 0 ≤ a < b < 2π we have

F (b)− F (a) = E |ζ(b)− ζ(a)|2 ,

thus F is monotone nondecreasing.

Solution: Write [0, b) as the union of [0, a) and [a, b). Then by de�nition

ζ(b)− ζ(a) ⊥ ζ(a)− ζ(0).

Apply Pythagoras theorem:

E|ζ(b)− ζ(a)|2 + E|ζ(a)− ζ(0)|2 = E|ζ(b)− ζ(0)|2.

Substituting ζ(0) = 0, and E|ζ(a)|2 =: F (a) we get

E|ζ(b)− ζ(a)|2 + F (a) = F (b).

�

Exercise 4.2 Let f , g be two left continuous step functions on [0, 2π]. Then

EI(f)I(g) =

∫ 2π

0

f(ω)g(ω) dF (ω). (4.1)

18
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Solution: Take a common subdivision for f and g, denote the intervals by [αk, βk),

k = 1, 2, . . . n. Then

f(ω) =
n∑
k=1

λkχ[αk,βk),

g(ω) =
n∑
k=1

ηkχ[αk,βk),

and the product function:

f(ω)g(ω) =
n∑
k=1

λkηkχ[αk,βk).

Thus the integral of fg on the right hand side of (4.1) is the following:∫ 2π

0

f(ω)g(ω) dF (ω) =
n∑
k=1

λkηk(F (βk)− F (αk)).

Let us compute the left hand side of (4.1). We have

I(f) =
n∑
k=1

λk(ζ(βk)− ζ(αk)), I(g) =
n∑
k=1

ηk(ζ(βk)− ζ(αk)).

The random variables (ζ(βk)− ζ(αk)) k = 1, 2, . . . n are independent, thus

EI(f)I(g) =
n∑
k=1

λkηkE|ζ(βk)− ζ(αk)|2 =
n∑
k=1

λkηk(F (βk)− F (αk)).

�

Exercise 4.3 Prove that

yn =

∫ 2π

0

einωdζ(ω)

is w.s.st.

Solution: Eyn = 0. Applying the isometry we get

Eynyn+τ =

∫ 2π

0

einωei(n+τ)ω dF (ω) =

∫ 2π

0

ei(−τ)ω dF (ω),

which is independent of n. �
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4.3 Representation of a wide sense stationary process

Exercise 4.4 Prove the above implication.

Solution: Let g(ω) =
∑

n∈N cne
inω, cn ∈ C. Then g = 0 in Lc2(dF ) = Lc2([0, 2π), dF )

means, that ∫ 2π

0

|g(ω)|2dF (ω) = 0.

The corresponding random variable is I(g) =
∑

n∈N cnyn. Then

EI(g) = 0, EI(g)I(g) =
∑
n

∑
m

cncm

∫ 2π

0

ei(n−m)ωdF (ω) =

∫ 2π

0

|g(ω)|2dF (ω) = 0.

Thus I(g) = 0 a.s. in Lc2(Ω,F , P ). �

Exercise 4.5 Show that the structure function of the random orthogonal measure ζ is F ,

predetermined by the spectral distribution function of y.

Solution: Indeed, we have

dF (ω) = dF y(ω) · 1

2π
,

since yn =

∫ 2π

0

einωdζ(ω), thus

E(yn+τyn) =

∫ 2π

0

ei(n+τ)ωe−inωdF (ω) =

∫ 2π

0

einτdF (ω).

�

4.4 Change of measure

Let dζ(ω) be a random orthogonal measure on [0, 2π) with the structure function F (ω).

Let g ∈ Lc2(dF ), and de�ne

η(ω) =

∫ ω

0

g(ω′)dζ(ω′) 0 ≤ ω < 2π.

Exercise 4.6 Show that dη(ω) is a random orthogonal measure, with the structure func-

tion

dG(ω) = |g(ω)|2dF (ω).
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Solution: We have η(0) = 0. For any two non-overlapping intervals [a, b) and [c, d)

contained in [0, 2π) we have

η(d)− η(c) =

∫ d

c

g(ω′)dζ(ω′), η(b)− η(a) =

∫ b

a

g(ω′)dζ(ω′).

As the domains of integration are non-overlapping,

η(d)− η(c) ⊥ η(b)− η(a).

The structure function can be computed using the isometry between Lc2(dF ) and

Lc2(Ω,F , P ):

E|η(a)|2 = Eη(a)η(a) =

∫ 2π

0

g(ω)g(ω)dF (ω) =

∫ 2π

0

|g(ω)|2dF (ω).

�

4.5 Linear �lters

Exercise 4.7 Show that the spectral representation process of y is given by

dζy(ω) = H(e−iω)dζu(ω),

where

H(e−iω) =
m∑
k=0

hke
−ikω.

Solution: The spectral representation of (un) gives

un =

∫ 2π

0

einωdζu(ω).

Thus

un−k =

∫ 2π

0

ei(n−k)ωdζu(ω), and hkun−k =

∫ 2π

0

hke
i(n−k)ωdζu(ω).

It follows, that

yn =
m∑
k=0

hkun−k =

∫ 2π

0

m∑
k=0

hke
i(n−k)ωdζu(ω) =

=

∫ 2π

0

einω

(
m∑
k=0

hke
−ikωdζu(ω)

)
=

∫ 2π

0

einωdζy(ω).

�
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Exercise 4.8 Show that the integrand on the right hand side converges to einωH(e−iω) in

Lc2(dF
u).

Solution: We know, that

lim
m→∞

Hm(e−iω) = lim
m→∞

m∑
k=0

hke
−ikω. = yn

in Lc2(Ω,F , P ). Thus due to isometry

lim
m→∞

∫ 2π

0

einωHm(e−iω)dζu(ω) =

∫ 2π

0

einωH(e−iω)dζu(ω).

�



Chapter 5

AR, MA and ARMA processes

5.3 The AR(1) process

Exercise 5.1 Prove that (yn) de�ned by yn =
∞∑
k=0

(−a)ken−k does indeed satisfy yn +

ayn−1 = en .

Solution: We have

yn = en +
∞∑
k=1

(−a)ken−k = en + (−a)
∞∑
k=1

(−a)k−1en−1−(k−1) =

= en + (−a)
∞∑
k=0

(−a)ken−1−k = en − ayn−1.

Here we used the fact, that the coe�cient-sequence is absolute convergent, and (en−k) is

an orthogonal sequence in L2(Ω,F , P ). �

Exercise 5.2 If |a| > 1 de�ne

yn =
∞∑
k=0

(−1

a
)k
1

a
en+k+1.

Show that the r.h.s. is well-de�ned, and (yn) does indeed satisfy yn + ayn−1 = en.

Solution: The r.v-s (en+k), k = 1, 2, . . . form an orthogonal sequence in L2(Ω,F , P ). As
|a| > 1, the coe�cient sequence on the right hand side is absolute convergent. Thus the

right hand side is well-de�ned.

23
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We have

yn =
1

a
en+1 +

1

a

∞∑
k=1

(−1

a
)k−1

(
−1

a

)
en+k+1 =

1

a
en+1 −

1

a

∞∑
k=0

(−1

a
)k
1

a
e(n+1)+(k+1),

thus

yn =
1

a
en+1 −

1

a
yn+1,

and it can be rearranged as

en+1 = yn+1 + ayn.

�

5.5 MA processes

Thus let e = (en) be a wide sense stationary orthogonal process and de�ne

yn =
m∑
k=0

cken−k

Exercise 5.3 Show that (yn) is a wide sense stationary process.

Solution: The mean value and the covariances are independent of n, since Eyn = 0, and

E(y2n) =
m∑
k=0

m∑
j=0

ckcjE(en−ken−j) =
m∑
k=0

c2kσ
2.

For 0 < τ ≤ m we have:

E(yn+τyn) =
m∑
k=0

m∑
j=0

ckcjE(en−k+τen−j) =
m∑
k=τ

ckck−τ .

Similarly, for τ > m we get E(yn+τyn) = 0. �

Exercise 5.4 Show that en =
∞∑
k=0

(−1)kbkyn−k is well-de�ned, if
∞∑
k=0

b2k <∞, i.e. |b| < 1.

Similarly, en =
∑∞

k=0(−1)k 1
bk
zn−k is well-de�ned if |b| > 1.

Solution: We shall use the Cauchy-Schwartz-Buniakovskii inequality in L2(Ω,F , P ).
Thus

|E(ynyn−τ )| = |⟨yn, yn−τ ⟩| ≤ ∥yn∥ ∥yn−τ )∥ =
√
Ey2n Ey

2
n−τ = ry(0).
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Let us consider the |b| < 1 case. We have

en = lim
N→∞

eNn , with eNn =
N∑
k=0

(−1)kbkyn−k.

Then using CSB we get

E(eNn )
2 ≤

N∑
k=0

b2kry(0) < ry(0)
1

1− b2
.

Thus (eNn ), N ∈ N is a uniformly convergent Cauchy sequence, it is convergent. �

5.6 ARMA processes

Proposition 2 Assume that A(z−1) ̸= 0 for |z| = 1. Then there is a unique w.s.st.

process satisfying A(q−1)y = C(q−1)e.

Exercise 5.5 Prove the above proposition.

Solution: Let us assume, that such a process does exist. As (yn) is a wide sense stationary

process, there is a unique random orthogonal measure dζy(ω), such that

yn =

∫ 2π

0

einωdζy(ω).

The spectral representation of the process un = A(q−1)yn = C(q−1)en is

un =

∫ 2π

0

A(e−inω)dζy(ω) =

∫ 2π

0

C(e−inω)dζe(ω).

From the uniqueness of the spectral representation it follows, that

dζy(ω) =
C(e−inω)

A(e−inω)
dζe(ω).

As (en) has spectral density function, (yn) also has spectral density function::

f y(ω) =
C(einω)C(e−inω)

A(einω)A(e−inω)
f y(ω) =

1

2π
|H(e−inω)|2,

where

H(e−inω) =
C(e−inω)

A(= einω)
.

Now, since A(−einω) ̸= 0 for ω ∈ [0, 2π], obviously f(ω) ≥ 0. Thus there exist a process

with this spectral density function. �

Proposition 3 Assume that A(z−1) and C(z−1) are stable polynomials. Then (en) is the

innovation process of (yn).

Exercise 5.6 Prove the above proposition.
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5.8 ARMA processes with unstable zeros

Exercise 5.7 Let G be an all-pass transfer function, and let e′ be a w.s.st. orthogonal

process. Then the process e de�ned by

dζe(ω) = G(e−iω)dζe
′
(ω)

is also a w.s.st. orthogonal process.

Solution: The spectral density of e is

f(ω) = |G(e−iω)|2fe′(ω) = fe′(ω),

since |G(e−iω)|2 = 1. Thus the spectral density functions of e and e′ are the same, e′ is

also a w.s.st. orthogonal process �



Chapter 6

Multivariate time series

6.1 Vector valued wide sense stationary processes

Exercise 6.1 Show that (zn) is an R-valued wide sense stationary process and we have

Ez2n =

p∑
k=1

p∑
l=1

a⊤kR(k − l)al ≥ 0. (6.1)

Solution:

Ez2n = E

p∑
k=1

a⊤k yn−k

(
p∑
l=1

a⊤l yn−l

)⊤

= E

p∑
k=1

a⊤k yn−k ·
p∑
l=1

y⊤n−lal =

=

p∑
k=1

p∑
l=1

a⊤k
(
Eyn−ky

⊤
n−l
)
al =

p∑
k=1

p∑
l=1

a⊤k (R(n− k − (n− l))) al.

�

Exercise 6.2 Prove the converse statement: let R(τ), − ∞ < τ < +∞ be a positive

de�nite sequence of real-valued, s × s matrices. Then it is the auto-covariance sequence

of an Rs-valued, wide sense stationary Gaussian process.

Solution: (Sketch) First truncate the sequence as

RN(τ) =

{
R(τ) if |τ | ≤ N

0 if |τ | > N

Then there are random variables ξ−N , . . . ξ0, . . . ξN with Gaussian distribution, such that

the autocovariances are the given RN(τ).

Now we can apply Kolmogorov extension theorem, since the measures satisfy the con-

sistency conditions as N → ∞. This theorem ensures, that there exists a probability

space (Ω,F ,P) and a stochastic process with the above marginal distributions. �
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6.2 Prediction and the innovation process

Exercise 6.3 Show that en ≡ 0 is indeed equivalent to

Hy
n = Hy

n−1 for all n.

Solution: It is the same, as in the scalar case.

6.3 Spectral theory

Exercise 6.4 Prove that a quadratic form α⊤Fα, with F symmetric, determines the

bilinear form corresponding to F uniquely as

β⊤Fγ =
1

4

(
(β + γ)⊤F (β + γ)− (β − γ)⊤F (β − γ)

)
.

Solution: We are in a Euclidian space. This formula gives the well-known connection

between the norm an the scalar product. Especially, for β = γ we get back the quadratic

form:

β⊤Fβ =
1

4

(
(2β)⊤F (2β)− (β − β)⊤F (β − β)

)
=

1

4

(
(2β)⊤F (2β)

)
.

Exercise 6.5 ∗ Let F (·) be an s × s matrix-valued function on [0, 2π] such that the in-

crements F (·) are symmetric and positive semide�nite. Then for any k, l = 1, . . . , s the

elements Fk,l(ω) are of �nite variations.

Solution: For any �xed α ∈ Rs the function Fα(ω) = α⊤F (ω)α is monotone non-

decreasing. Recall the expression of the bilinear form β⊤F (ω)γ via the corresponding

quadratic form.

Exercise 6.6 Show that for an Rs-valued orthogonal wide sense stationary process (en)

with covariance matrix Λ = Eene
⊤
n we have

f(ω) = Λ for ∀ω.

Solution: Using the given f(ω) function we get

1

2π

∫ 2π

0

eiτωf(ω)dω = Λ
1

2π

∫ 2π

0

eiτωdω =

{
Λ if τ = 0

0 if τ ̸= 0
,

and this is the autocovariance matrix function of an orthogonal wide sense stationary

process with covariance matrix Λ. �
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6.4 Filtering

Proposition 4 The spectral distribution of the process v is given by

dF v(ω) = H(e−iω)dF y(ω)H(eiω)⊤.

Exercise 6.7 Prove Proposition 4.

Solution: We have

Eyn+τy
T
n = R(τ) =

1

2π

∫ 2π

0

eiτωdF (ω).

Then

Evn+τv
T
n = E

p∑
k=0

hkyn+τ−k

(
p∑
j=0

hjyn−j

)T

=

=

p∑
k=0

p∑
j=0

hkE
(
yn+τ−ky

T
n−j
)
hTj ==

p∑
k=0

p∑
j=0

hk

(
1

2π

∫ 2π

0

ei(τ−k+j)ωdF (ω)

)
hTj

=
1

2π

∫ 2π

0

eiτω

(
p∑

k=0

hke
−ikω

)
dF (ω)

(
p∑
j=0

hTj e
ijω

)
=

1

2π

∫ 2π

0

eiτωdF v(ω).

�

Proposition 5 Assume that the right hand side of

H(e−iω) =
∞∑
k=0

hke
−iωk

converges in Lc,r×s2 (dF ). Then the process (vn) under

vn =
∞∑
k=0

hkyn−k

is well-de�ned, i.e. the right hand side converges in Lc,r2 (Ω,F , P ), and the spectral distri-

bution of (vn) is given by

dF v(ω) = H(e−iω)dF y(ω)H⊤(eiω).

Exercise 6.8 Prove the above proposition following the proof for the scalar case.

Solution: Truncate the in�nite sum de�ning vn at m, i.e. de�ne

vmn =
m∑
k=0

hkyn−k.
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Then the spectral representation of vm = (vmn ) is given as

vmn =

∫ 2π

0

einωHm(e−iω)dζu(ω),

where

Hm(e−iω) =
m∑
k=0

hke
−ikω.

Now letting m tend to in�nity, the l.h.s. of the above equality converges to vn in

Lc,r2 (Ω,F , P ). Similarly, the integrand on the right hand side converges to einωH(e−iω) in

Lc,r×s2 (dF ) �

6.5 Multivariate random orthogonal measures

Theorem 1 Let dζ(ω) be a Cs-valued random orthogonal measure, with structure func-

tion dF (ω). Then the Cs-valued process

yn =

∫ 2π

0

einωdζ(ω)

is wide sense stationary, and its spectral distribution function is given by

dF y(ω) = 2π dF (ω).

Exercise 6.9 Prove Theorem 1.

Solution: Apply previous Theorem about the isometry, stating

E I(g) I(h)∗ =

∫ 2π

0

g(ω) h(ω)dF (ω)

where

I(g) =

∫ 2π

0

g(ω) · I dζ(ω), I(h) =

∫ 2π

0

h(ω) · I dζ(ω).

Then

yn = I(einω), yn+τ = I(ei(n+τ)ω).

Thus

E yn y
∗
n+τ = E I((einω) I(ei(n+τ)ω)∗ =

∫ 2π

0

einω ei(n+τ)ωdF (ω) =

=

∫ 2π

0

e−iτωdF (ω) =
1

2π

∫ 2π

0

e−iτω 2πdF (ω) =
1

2π

∫ 2π

0

e−iτωdF y(ω).

�
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6.7 Linear �lters

Exercise 6.10 Show that the spectral representation process of v is given by

dζv(ω) = H(e−iω)dζy(ω).

Solution: The spectral representation of (yn) gives

yn =

∫ 2π

0

einωdζy(ω).

Thus

yn−k =

∫ 2π

0

ei(n−k)ωdζy(ω), and hkyn−k =

∫ 2π

0

hke
i(n−k)ωdζy(ω).

It follows, that

vn =

p∑
k=0

hkyn−k =

∫ 2π

0

p∑
k=0

hke
i(n−k)ωdζy(ω) =

=

∫ 2π

0

einω

(
p∑

k=0

hke
−ikωdζy(ω)

)
=

∫ 2π

0

einωdζv(ω).

�

Exercise 6.11 Assume, that the in�nite series

H(e−iω) =
∞∑
k=0

hke
−iωk.

converges in Lc,r×s2 (dF y). Then the spectral representation process of (vn) is

dζv(ω) = H(e−iω)dζy(ω).

Solution: Truncate the in�nite sum de�ning vn at p, i.e. de�ne

vpn =

p∑
k=0

hkyn−k.

Then the spectral representation of vp = (vpn) is given as

vpn =

∫ 2π

0

einωHp(e−iω)dζu(ω),

where

Hp(e−iω) =

p∑
k=0

hke
−ikω.

Now letting p tend to in�nity, the l.h.s. of the previous equality converges to vn in

Lc,s2 (Ω,F , P ). �
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Exercise 6.12 Re-derive the formula for the spectral distribution measure of v:

dF v(ω) = H(e−iω)dF y(ω)H⊤(eiω)

using the exercise above.

Solution: The spectral representation process of (vn) is

dζv(ω) = H(e−iω)dζy(ω),

which means that the process can be represented as

vn =

∫ 2π

0

einωdζv(ω) =

∫ 2π

0

einωH(e−iω)dζy(ω).

Then also we have

vn−τ =

∫ 2π

0

ei(n−τ)ωH(e−iω)dζy(ω).

The covariance of these two random vectors can be written using the isometry:

Evnv
T
n−τ =

∫ 2π

0

einωH(e−iω)dF y(ω)ei(n−τ)ωH(e−iω) =

∫ 2π

0

eiτωH(e−iω)dF y(ω)H(eiω).

Comparing it with the de�nition of the spectral distribution measure:

Evnv
T
n−τ =

∫ 2π

0

eiτωdF v(ω)

we get the desired formula. �

6.8 Proof of the spectral representation theorem

Exercise 6.13 Let ζ(a), 0 ≤ a < 2π be an Cs-valued stochastic process such that for any

α ∈ Cs the complex-valued process α⊤ζ(a), 0 ≤ a < 2π has orthogonal increments. Then

the process ζ(·) itself has orthogonal increments.

Solution: Indirect. Let us assume, that there exist 0 ≤ a < b ≤ c < d ≤ 2π, such that

and the covariance matrix of the increments is not 0, i.e.

E(ζ(b)− ζ(a))(ζ(d)− ζ(c))⊤ = R ̸= 0 ∈ Rs×s.

But on the other hand for any α ∈ Rs α∗Rα = 0. Then also α∗R∗α = 0, and thus the

quadratic form

α∗(R +R∗)α = 0, =⇒ (R +R∗) = 0.

It means, that R is antisymmetric. �



Chapter 7

State-space representation

7.1 From multivariate AR(1) to state-space equations

Proposition 6 Let us consider the multivariate linear stochastic equation

xn+1 = Axn +Bvn.

Let A be a stable s × s matrix. Then this equation has a unique wide sense stationary

solution (xn), given by

xn+1 =
∞∑
k=0

AkBvn−k.

It follows that x is a causal linear function of v, more exactly, for all n

Hx
n+1 ⊂ Hv

n.

Exercise 7.1 Prove the above proposition.

Solution: The spectral representation of x is given by

dζx(ω) = A(e−iω)−1dζv(ω),

where

A(e−iω)−1 = (eiωI − A)−1B.

As A is stable, det(zI − A) is not zero for |z| ≥ 1. It follows, that

(zI − A)−1 =
∞∑
k=0

Akzk

33
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is well de�ned for |z| ≥ 1, i.e.
∞∑
k=0

Akz−k

is well de�ned for |z| < 1. Then
∞∑
k=0

AkBvn−k

is well de�ned. �

Lemma 3 Let A be an s× s stable real matrix. Then

(eiωI − A)−1 =
∞∑
k=1

hke
−ikω, h1 = I

with some sequences of s × s real matrices hk, where convergence in the right hand side

is understood in the sense of Lc,s×s2 (dω). In fact, convergence is also uniform in ω.

Exercise 7.2 Prove the Lemma 3.

Solution: Note that the matrix-valued function (zI−A)−1 is analytic in {z : |z| > 1−ε}
for some ε > 0. Then it is analytic for |z| = 1, it can be represented as a Taylor series for

z = eiω.

Exercise 7.3 Prove the Proposition 6 using Lemma 3.

Solution: It was already done in Exercise 7.1.

Proposition 7 Assume, that eiωI − A is not singular for all ω ∈ [0, 2π]. Then

xn+1 = Axn +Bvn

has a unique solution.

Exercise 7.4 Prove the above Proposition 7.

Solution: Assume that a wide sense stationary solution (xn) exists. There is a unique

random orthogonal measure dζx(ω), such that

xn =

∫ 2π

0

einωdζx(ω).
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Then also show that necessarily

xn+1 =

∫ 2π

0

ei(n+1)ωdζx(ω).

and

Axn +Bvn =

∫ 2π

0

einω (Adζx(ω) + B) dζv(ω).

From the uniqueness of the orthogonal measure we get

dζx(ω) = (eiωI − A)−1B dζv(ω).

Then the spectral representation of the autocovariance matrices gives

dF x(ω) = (eiωI − A)−1BdF y(ω)
(
(e−iωI − A)−1B

)
⊤.

The condition of Proposition 7 ensures, that dF x(ω) is well-de�ned. Thus the state-space

equation has a unique solution. �

7.2 Auto-covariances and the Lyapunov-equation

Exercise 7.5 Show that P can be written as

P =
∞∑
k=0

AkBΣvvB
T (AT )k.

Solution: We can use the expression of (xn) given by

xn+1 =
∞∑
k=0

AkBvn−k.

The solution follows from the orthogonality of (vn), i.e.

EvTn vm =

{
Σvv if n = m

0 if n ̸= m

�

Exercise 7.6 Show directly, with purely algebraic arguments, that, if A is stable, the

Lyapunov-equation

P = APAT +BΣvvB
T

has a unique solution P , and show that it can be written in the form
∞∑
k=0

AkBΣvvB
T (AT )k.

Prove that the solution P , given by this formula, is positive semi-de�nite.
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Solution: Iterate equation

P = APAT +BΣvvB
T .

We get

P = APAT +BΣvvB
T = A2P (AT )2 + ABΣvvB

TAT +BΣvvB
T = . . .

= An+1P (AT )n+1 +
n∑
k=0

AkBΣvvB
T (AT )k.

The �rst term on the last expression tends to zero with exponential rate, since A is stable.

Thus we get the given representation. �

Exercise 7.7 Consider two Lyapunov equations

P = APAT +BΣvvB
T

with a common stable A and such that

B1Σ1,vvB
T
1 ≤ B2Σ2,vvB

T
2 .

Let the solutions be denoted by P1 and P2. Show that P1 ≤ P2.

Solution: If A is stable, then

B1Σ1,vvB
T
1 ≤ B2Σ2,vvB

T
2 =⇒ AB1Σ1,vvB

T
1 A

T ≤ AB2Σ2,vvB
T
2 A

T .

Thus

P1 =
∞∑
k=0

AkB1ΣvvB
T
1 (A

T )k ≤
∞∑
k=0

AkB2ΣvvB
T
2 (A

T )k = P2.

Exercise 7.8 Prove that for τ < 0 we have R(τ) = R(−τ)T .

Solution:

R(τ) = Eyn+τy
T
n = (Eyny

T
n+τ )

T = (Eyn−τy
T
n )

T = R(−τ)T .

�

Exercise 7.9 Prove the validity of the recursion

Pn+1 = APnA
T +BBT

for Pn.
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To get the covariance function of (xn) take the dyadic product of

xn+1 = Axn +Bvn

with itself:

xn+1x
T
n+1 = Axnx

T
nA

T +Bvnv
T
nB

T + Axnv
T
nB

T +Bvnx
T
nA

T .

Now as xn ∈ Hv
n−1, we have

xn ⊥ vn.

Then taking expectation on both sides of the above equation we get given recursion. �

Exercise 7.10 Show that if A is stable, then Pn converges to the unique solution of

P = APAT +BΣvvB
T .

Solution: Reiterating the previous recursion, we get

Pn+1 = APnA
T +BBT = A

(
APn−1A

T +BBT
)
AT +BBT =

= A2Pn−1A
2T + ABBTAT +BBT = · · · = AnP0(A

n)T +
n−1∑
k=0

AkBBT (AT )k.

As A is stable:

lim
n→∞

AnP0(A
n)T = 0,

thus

lim
n→∞

Pn =
∞∑
k=0

AkBBT (AT )k = P∞.

In Exercise 7.6 we have shown that this is the solution of the discrete Lyapunov equation.

�

7.3 State space representation of ARMA processes

Exercise 7.11 Prove that RN is non-singular by taking a state-space representation of

y.



Chapter 8

Kalman �ltering

8.1 The �ltering problem

Exercise 8.1 Provide an argument for the validity of

Hy
n = Hy

n−1 ⊕ L(νn).

Solution: We have νn = yn − (yn|Hy
n−1), thus νn is the innovation process of yn. �

8.2 The Kalman-gain matrix

Exercise 8.2 Prove that the projection of the random vector x ∈ Ls2(Ω,F , P ) onto the

�nite dimensional subspace of L2(Ω,F , P ) spanned by the components of ν is given by

x̂ = E(xνT )(E(ννT ))−1ν.

Solution: Obviously, x̂ is an element of the �nite dimensional subspace of L2(Ω,F , P )
spanned by the components of ν. Also, x− x̂ is orthogonal to the components of ν, since

E
(
(x− x̂)νT

)
= ExνT − Ex̂νT = ExνT − E

(
E(xνT )(E(ννT ))−1ν

)
νT =

= ExνT − E(xνT )(E(ννT ))−1E
(
ννT

)
= 0.

Thus x̂ is the projection. �

38
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Exercise 8.3 Derive the above expression

H−1(q−1) = I − C(qI − A+KC)−1K

from H(q−1) = C(qI − A)−1K + I using the matrix inversion lemma.

Solution: The matrix inversion lemma is the following: Let

F =

(
A0 B0

C0 D0

)

be a 2 × 2 block-matrix with A0 and D0 being square matrices. Assume that A0, D0 are

non-singular and so is A0 −B0D
−1
0 C0. Then(

A0 −B0D
−1
0 C0

)−1
= A−1

0 + A−1
0 B0

(
D0 − C0A

−1
0 B0

)−1
C0A

−1
0 .

Now we apply this lemma with the following choices:

A0 = I, B0 = C, C0 = −K, D0 = qI − A.

Then we get (
I + C(qI − A)−1K

)−1
= I − C (qI − A+KC)−1K.

�



Chapter 9

Identi�cation of AR processes

9.1 Least Squares estimate of an AR process

Exercise 9.1 Prove that R∗ is non-singular.

Solution: Obviously R∗ is positive semide�nite, as it is the covariance matrix of

(yn−1, . . . yn−p). The singularity of R∗ would imply the singularity of the process y. �

Exercise 9.2 Prove that R∗ is non-singular by taking a state-space representation of y.

Hint : Show that the pair (Ã, b), as de�ned in Section 7, is controllable.

Exercise 9.3 * Show that Condition

lim
N
(−rN) = lim

N

1

N

N∑
n=1

φnyn = Eφnyn = −r∗ a.s.

implies that

lim
N

1

N

N∑
n=1

φnen = Eφnen = 0 a.s. (9.1)

9.2 The asymptotic covariance matrix of the LSQ esti-

mate

Exercise 9.4 Assume that (en) is Gaussian. Show that (
∑N

n=1 yn−1yn−1)
−1 has no �nite

expectation.

40
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Solution: We have
N∑
n=1

yn−1yn−1 ≤ C
N∑
n=1

y′n−1y
′
n−1,

where y′n is an i.i.d. sequence of standard normally distributed random variables, hence

the latter sum has a χ2 distribution with N degrees of freedom. �

9.3 The recursive LSQ method

Exercise 9.5 Assume that A and D are non-singular. Then

d

dε

(
A− εBD−1C

)−1

∣∣∣∣
ε=0

= A−1BD−1CA−1.

Solution: If A = A(ε) is nonsingular, di�erentiable function of ε, then

d

dε
(A(ε))−1 = (A(ε))−1 d

dε
A(ε) (A(ε))−1 .

Now A(ε) = A− εBD−1C, thus

d

dε

(
A− εBD−1C

)−1
=
(
A− εBD−1C

) (
A− εBD−1C

) (
A− εBD−1C

)
.

Substituting ε = 0 we get the proposition of the exercise. �

Exercise 9.6 Prove the Sherman-Morrison lemma.

Solution: This is a special case of the matrix inversion lemma. We consider the following

block-matrix:

F =

(
A b

cT −1

)
.

Then we have (
A− b(−1)cT

)−1
= A−1 + A−1b

(
(−1)− cTA−1b

)−1
cTA−1 =

= A−1 + A−1bcTA−1 −1

1 + +cTA−1b
.

�



Chapter 10

Identi�cation of MA and ARMA

models

10.1 Identi�cation of MA models

Exercise 10.1 Prove that the stability of C(z−1), implying the stability of C̃, yields that

E |x∗n(θ)− xn(θ)|2 = O(γn)

with any γ such that γ > ϱ(C̃), with ϱ(C̃) denoting the spectral radius of C̃ (known to be

less then 1).

Solution: Use the state-space representations for both processes, and take the di�erence

of the two state-space equations. Exploit linearity to see the e�ect of the di�erences in

initial values.

Exercise 10.2 Provide an expression of the coe�cients cl in terms of the roots, say γl,

and express
∂

∂γ
via

∂

∂θ
.

Solution: The connection can be expressed via the following equation:

C(z−1) = 1 +
r∑
l=1

clz
−l =

r∏
l=1

(1− z−1γl).

The derivative w.r.t. γl is:

∂

∂γl
C(z−1) = z−1

∏
j ̸=l

(1− z−1γj) =
z−1

1− z−1γl
C(z−1).

42
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10.2 The asymptotic covariance matrix of θ̂N

Exercise 10.3 Show that the �rst term on the r.h.s. of the equality

lim
N

1

N
VθθN(θ

∗) = E

(
ε∗θθn(θ

∗)en + ε∗θn(θ
∗)ε∗Tθn (θ

∗)

)
.

is zero.

Solution: As we have seen before ε∗θθn(θ) is in the subspace spanned by {εn−k(θ) : k =

1, 2, . . . .}. For θ = θ∗ this set is He
n−1, and en ⊥ Hy

n−1. �

10.3 Identi�cation of ARMA models

Exercise 10.4 Show that if A∗(z−1) and C∗(z−1) have no common factor then R∗ is

non-singular.

Solution: Write R∗ = Eε∗Tθn (θ
∗)ε∗θn(θ

∗), and assume that R∗ is singular. Then there exists

a pair of vectors, say (uT , vT ) such that

(uT , vT )ε∗Tθn (θ
∗) = 0

a.s. De�ning the polynomials U(q−1) and V (q−1) with their coe�cients being equal to

the components of u and v, resp., we arrive to the equality

U

A∗ e−
V

C∗ e = 0

a.s. Rearranging this we get

UC∗ − V A∗ = 0,

which contradicts to the assumption that A∗(z−1) and C∗(z−1) have no common factor.

Exercise 10.5 Show that if A∗(z−1) and C∗(z−1) have a common factor then R∗ is sin-

gular.

Solution: Apply the previous arguments in reverse order.
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Exercise 10.6 Compute the gradient process for the following models: MA(1), AR(1),

ARMA(1, 1).

Solution:

MA(1) : The process is

yn = en + c∗en−1.

The inverse process for |c| < 1 is:

εn + cεn−1 = yn.

The gradient process can be written as

εc,n + cεc,n−1 + εn−1 = 0, =⇒ εc,n + cεc,n−1 = −εn−1.

AR(1) : The process is

yn + a∗yn−1 = en.

The inverse process for |a| < 1 is:

εn = yn + ayn−1.

The gradient process can be written as

εa,n = yn−1.

ARMA(1,1) : The process is

yn + a∗yn−1 = en + c∗en−1.

The inverse process for |a| < 1 and |c| < 1 is:

εn + cεn−1 = yn + ayn−1.

The gradient process can be written as

εc,n + cεc,n−1 = −εn−1,

εa,n + cεa,n−1 = yn−1.

�
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Exercise 10.7 Show that for θ = θ∗ we have

εθ(θ)|θ=θ∗ = (
1

A∗

[
q−1 . . . q−p

]
e,− 1

C∗

[
q−1 . . . q−r

]
e)T .

Solution: In Lemma 10.10. it was proved, that

C(q−1) εθ(θ) = −ϕ(θ).

Substituting θ = θ∗ we get

C∗(q−1) εθ(θ
∗) = −ϕ(θ∗) = −(−yn−1, ...,−yn−p, en−1, ..., en−r)

T . (10.1)

Here we used εn(θ
∗) = en. The �rst part of the vector can be written as

(yn−1, ..., yn−p)
T = (

[
q−1 . . . q−p

]
y)T = (

[
q−1 . . . q−p

] C∗

A∗ e)
T .

The second part of the vector is simply:

−(en−1, ..., en−r)
T = −(

[
q−1 . . . q−r

]
e)T

Then dividing equation (10.1) by C∗(q−1) we get the statement of the exercise. �



Chapter 12

Stochastic volatility: ARCH and

GARCH models

12.2 Stochastic volatility models

Exercise 12.1 Show that that the triplet (εn, yn, σn) itself is jointly strictly stationary.

Solution: First we show that (yn, σn) is jointly strictly stationary. Once we know

yn, yn−1, yn−2, . . ., any σk is a deterministic function of them for k ≤ n+1. Moreover, the

equation εn = yn/σn allows a deterministic computation of the error process if we know

the other two. The process (yn) is strictly stationary, thus the joint distribution of the

history yn, yn−1, yn−2, . . . does not change under time shift. (εn, yn, σn) is obtained by a

deterministic function from (yn), consequently their joint distributions are also insensitive

to time shifts. �

Exercise 12.2 Show that under the conditions above

E[yn|Fy
n−1] = 0 a.s.

In other words (yn) is a martingale di�erence process.

Solution: Write

E[yn|Fy
n−1] = E[σnεn|Fy

n−1] = σnE[εn|Fy
n−1] = 0.

The �rst equality is just the de�nition of yn, the second uses the fact that σn is a function

of the history of (yn). The is the result of (εn) being i.i.d. �
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Exercise 12.3 Show that under the conditions above

E[y2n|F
y
n−1] = σ2

n a.s.

Solution: Following the lines of the previous solution we get

E[y2n|F
y
n−1] = E[σ2

nε
2
n|F

y
n−1] = σ2

nE[ε
2
n|F

y
n−1] = σ2

n.

�

Exercise 12.4 Show that under the conditions above (yn) is a w.s.st. orthogonal process.

Solution: For n > m we have

E[σnεnσmεm|Fy
n−1] = E[σnεnσmεm|F ε

n−1] = σnσmεmE[εn|F ε
n−1] = 0.)

�

12.4 State space representation

Exercise 12.5 Show that Xn de�ned by the right hand side of

X∗
n = un +

∞∑
k=1

AnAn−1 . . . An−k+1un−k

satis�es the state equation

X∗
n+1 = A∗

n+1X
∗
n + un+1, n ∈ Z

corresponding to the GARCH process.

Solution:

An+1X
∗
n = An+1un + An+1

∞∑
k=1

AnAn−1 . . . An−k+1un−k

=
∞∑
k=0

An+1An . . . An−k+1un−k = X∗
n+1 − un+1

�

Exercise 12.6 Prove uniqueness as stated in the theorem.

Hint : Let (X1n) and (X2n) be two solutions. Consider the dynamics for the di�erence

process (X1n −X2n).
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12.5 Existence of a strictly stationary solution

Exercise 12.7 Show that (un) is sub-additive, i.e. we have for any n,m > 0 the inequality

un+m ≤ un + um.

Solution: We have

un+m = E log ∥An+m . . . An+1An . . . A1∥.

The norm is sub/multiplicative, i.e.

∥A ·B∥ ≤ ∥A∥ · ∥B∥.

Thus

log ∥An+m . . . An+1An . . . A1∥ ≤ log(∥An+m . . . An+1∥ · ∥An . . . A1∥)
= log ∥An+m . . . An+1∥+ log ∥An . . . A1∥.

Taking expectation we get the statement of the Exercise. �

Lemma 4 Let (un) be a sub-additive sequence. Then the limit

λ = lim
n→∞

1

n
un

exists, where −∞ ≤ λ < +∞, moreover

λ = inf
n→∞

1

n
un.

Exercise 12.8 Prove the above lemma.

Solution: Let λ = infn→∞
1
n
un. Take ε > 0 and choose a k such that uk/k < λ+ ε. Then

for any integer n we have

unk ≤ nuk, =⇒ unk
nk

< λ+ ε.

Moreover, for any 0 ≤ r < k and n large enough we get

1

nk + r
unk+r ≤

1

nk + r
(unk + ur) ≤

1

nk + r
(unk + max

0≤s<k
us) < λ+ 2ε.

Consequently lim supn→∞
1
n
un < λ+ 2ε. �
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Exercise 12.9 Prove that for any ε > 0 there exist �nite r.v.-s Cn(ω, ε) such that for

any n we have

||AnAn−1 . . . An−k+1|| ≤ Cn(ω, ε)e
(λ(A)+ε)(n−k).

Show that Cn(ω, ε) can be assumed to be a stationary sequence.

Solution: After taking the logarithm we get the following constraint for Cn(ω, ε):

log ||AnAn−1 . . . An−k+1|| − (λ(A) + ε)(n− k) ≤ logCn(ω, ε).

By the de�nition of the top-Lyapunov exponent the left hand side tends to −∞ as k → ∞.

Therefore

sup
k

(log ||AnAn−1 . . . An−k+1|| − (λ(A) + ε)(n− k)) <∞.

Choose this value as Cn(ω, ε). �

Exercise 12.10 Prove that for any sequence of r.v.-s (un) the condition

sup
n

E log+ |un| < +∞

implies that for any ε > 0 there exists a r.v. C(ω, ε) such that

|un| ≤ C(ω, ε)eεn.

Hint : Show that for any �x C > 0 the probability that the events {|un| > Ceεn} occur

in�nitely often is 0. For this use the Borel-Cantelli lemma.



Chapter 13

High-frequency data. Poisson processes

13.3 Poisson point processes on a general state space

Exercise 13.1 Show that µ is non-atomic, i.e. for all x ∈ S we have µ({x}) = 0.

Solution: Clearly N({x}) = |Π ∩ {x}| can only be 0 or 1. On the other hand, if we

had µ({x}) = ε > 0, then N({x}) would follow a Poisson distribution with a positive

parameter. But this can take values larger than one with positive probability, which is a

contradiction. �

Exercise 13.2 Show that for any A1, A2 ∈ G with µ(Ai) <∞ we have

cov(N(A1), N(A2)) = µ(A1 ∩ A2).

Solution: Let B = (A1 ∩ A2). We may write the covariance as follows:

cov(N(A1), N(A2)) = cov(N(A1 \B) +N(B), N(A2 \B) +N(B)).

Using the bi-linearity of the covariance we can expand the r.h.s., and observe that all but

one term vanishes due to independence. Thus

cov(N(A1), N(A2)) = cov(N(B), N(B)).

But the variable N(B) follows a Poisson distribution with parameter µ(B), consequently

its variance is indeed µ(B). �
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Theorem 2 Let Π be a Poisson process with mean measure µ on S and let S1 ⊂ S be

measurable.Then

Π1 = Π ∩ S1

is a Poisson process on S with mean measure

µ1(A) = µ(A ∩ S1).

Exercise 13.3 Prove the above theorem.

Solution: We verify the requirements of the de�nition. For Π, (i) holds for any A1 ∩
S1, A2 ∩ S1, . . . , An ∩ S1 ⊂ S provided that Ai are disjoint. But

N(Ai ∩ S1) = N1(Ai),

thus (i) holds for Π1. Similarly

N1(A) = N(A ∩ S1)
L
= P (µ(A ∩ S1)) = P (µ1(A)).

�

Theorem 3 Let Π be a Poisson process in RD with rate function λ(x1, ..., xD). Let d < D

and let

Πd

be the projection of Π on the �rst d coordinates. Then Πd is a Poisson-process with rate

function

λ∗(x1, ..., xd) =

∫
...

∫
λ(x1, ..., xD)dxd+1...dxD.

Exercise 13.4 Prove the above projection theorem.

Solution: Apply the mapping theorem with

f(x1, ..., xD) = (x1, ..., xd).

�
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13.4 Construction of Poisson processes

Proposition 8 Let X1, ..., Xn be i.i.d. on S according to the probability measure η. As-

sume that η has no atom. Then

Π = {X1, .., Xn}

is a Bernoulli process.

Exercise 13.5 Prove the above proposition.

Solution: Verify

P (N(A0) = n0, ..., N(Ak) = nk) =
n!

n0!...nk!
η(A0)

n0 ...η(Ak)
nk

for the counts

N(A) = #{r : Xr ∈ A}.

Use the fact that all Xi are di�erent almost surely.

Exercise 13.6 Work out the details of the proof of the existence of a Poisson process.

Solution: First assume that µ(X) = λ < ∞. De�ne η(A) = µ(A)/µ(X). Choose the

number of points in X, say N according to P (λ). With N being �xed, construct the

realization of a Bernoulli process. Then the resulting process will be a Poisson point

process with intensity measure µ. The case µ(X) = ∞ is handled by �rst writing

X = ∪∞
i=1Xi

so that µ(Xi) = λi <∞, (assuming that µ is σ-�nite.)

�

13.5 Sums and integrals over Poisson processes

Exercise 13.7 Prove the two identities:

E(Σ) =

∫
S

f(x)µ(dx).
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and, if

Σ1 =
∑
x∈Π

f1(x), Σ2 =
∑
x∈Π

f2(x),

then

Cov(Σ1,Σ2) =

∫
S

f1(x)f2(x)µ(dx).

Solution: Both identities are true for step-functions. From there the �nal result follows

by a simple limiting argument. �

Exercise 13.8 Provide a formal proof for the above expression of var(Σ) by di�erentiating

the master equation

E(eitΣ) = exp{
∫
S

(eitf(x) − 1)µ(dx)}

w.r.t. t once and twice, and setting t = 0.

Solution: Formal di�erentiation of the l.h.s. gives

d

dt
E(eitΣ) = EiΣ(eitΣ) = EiΣ,

when setting t = 0. Similarly, formal di�erentiation of the r.h.s. gives

exp{
∫
S

(eitf(x) − 1)µ(dx)} ·
∫
S

if(x)eitf(x)µ(dx) =

∫
S

if(x)µ(dx)

when setting t = 0, which proves the �rst claim. We proceed with the second derivatives

similarly.

�

Exercise 13.9 Provide a formal proof for the above expression of cov(Σ1,Σ2) by consid-

ering the master equation

E(eit1Σ1+it2Σ2) = exp{
∫
S

(eit1f1(x)+it2f2(x) − 1)µ(dx)}.

and taking mixed second order partial derivatives

∂2

∂t1∂t2
,

and setting t1 = t2 = 0.

Solution: Follow the proof of the previous exercise. �



Chapter 14

High-frequency data. Lévy Processes

14.1 Motivation and basic properties

Exercise 14.1 Show that the characteristic function of Lt can be written in the form

EeiuLt = etψ(u).

Solution: Write EeiuLt = eρt(u). Since the increments are i.i.d. we have

ρt(u) + ρ∆t(u) = ρt+∆t(u).

Since ρt(u) is continuous in t, it follows that ρt(u) = tψ(u) with some ψ(u), as stated.

Theorem 4 Let (Lt) be a pure-jump Lévy process (having no Brownian motion compo-

nent), with �nite variation trajectories, de�ned by

Lt =

∫ t

0

∫
R1

xN(ds, dx). (14.1)

Then

E
[
eiuLt

]
= exp

[
t

(
ibu+

∫
R1

(
eiux − 1

)
ν(dx)

)]
.

Exercise 14.2 Provide a derivation of the above simpli�ed version of the Lévy-Khintchine

formula for processes with �nite variation trajectories, using Campbell's theorem.
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Solution: For pure-jump Lévy processes with �nite variation trajectories given by (14.1)

the integrability condition ∫
R1

min(|x|, 1)ν(dx) <∞,

implies the integrability condition present in Campbell's theorem with f(t′, x) = x for

0 ≤ t′ ≤ t. Then we will have Σf = Lt. The expression given for E
[
eiuLt

]
given by

Campbell's theorem is then just the simpli�ed form of the Lévy-Khintchine formula:

�


