Financial time series

Gerencsér Laszlo Vago Zsuzsanna Gerencsér Balazs

Solutions to Exercises



Contents

1 Basic concepts
1.1 Wide sense stationary processes . . . . . . . . . . . .. oL
1.2 Orthogonal processes and their transformations . . . . .. ... ... ...

1.3 Prediction . . . . . . . . s,

2 Prediction, innovation and the Wold decomposition
2.1 Prediction using the infinite past . . . . . ... ... ... o L.
2.2 Singular processes . . . . ...

2.3 Wold decomposition . . . . . . . . .. ...

3 Spectral theory I.
3.1 The need for a spectral theory . . . . . . .. .. ... oL
3.2 Fourier methods for w.s.st. processes . . . ... ... ... .. .. .....

3.3 Herglotz’s theorem . . . . . . . .. ...

4 Spectral theory II.
4.2 Random orthogonal measures. Integration . . . . .. ... ... ... ...
4.3 Representation of a wide sense stationary process . . . . . . .. .. .. ..
4.4 Change of measure . . . . . . . . .. ... L

4.5 Linear filters . . . . . . . .

5 AR, MA and ARMA processes
5.3 The AR(1) Process . . . . . v v v v i v i i i e

5.5 MA processes . . . . . ..



5.6 ARMA processes . . . . . . . . ..

5.8 ARMA processes with unstable zeros . . . . . .. ... ... ... ... ..

6 Multivariate time series
6.1 Vector valued wide sense stationary processes . . . . . . . .. . ... ...
6.2 Prediction and the innovation process . . . . . . .. . ...
6.3 Spectral theory . . . . . . .
6.4 Filtering . . . . . . ..
6.5 Multivariate random orthogonal measures . . . . . . . ... .. ... ...
6.7 Linear filters . . . . . . . . ..

6.8 Proof of the spectral representation theorem . . . . . . .. .. ... .. ..

7 State-space representation
7.1 From multivariate AR(1) to state-space equations . . . . . ... ... ...
7.2 Auto-covariances and the Lyapunov-equation . . . . . . .. . ... ... ..

7.3 State space representation of ARMA processes . . . . . .. ... ... ...

8 Kalman filtering
8.1 The filtering problem . . . . . . .. ..o

8.2 The Kalman-gain matrix . . . . . . .. . .. .. ...

9 Identification of AR processes
9.1 Least Squares estimate of an AR process . . . . . . .. ... ... ... ..
9.2 The asymptotic covariance matrix of the LSQ estimate . . . . . .. .. ..

9.3 The recursive LSQ method . . . . . . . . ... oo

10 Identification of MA and ARMA models
10.1 Identification of MA models . . . . . . . . . . . . ...
10.2 The asymptotic covariance matrix of éN ...................

10.3 Identification of ARMA models . . . . . . . . . . . . . . ... ... ...,

12 Stochastic volatility: ARCH and GARCH models

25
26

27
27
28
28
29
30
31
32

33
33
35
37

38
38
38

40
40
40
41

42
42
43
43

46



12.2 Stochastic volatility models . . . . . . . ... o000
12.4 State space representation . . . . . . . ... ... L L

12.5 Existence of a strictly stationary solution . . . . . . . ... ... ... ...

13 High-frequency data. Poisson processes
13.3 Poisson point processes on a general state space . . . . . ... ... ...
13.4 Construction of Poisson processes . . . . . . . . . .. .. ... ... ....

13.5 Sums and integrals over Poisson processes . . . . .. .. ... .. .. ...

14 High-frequency data. Lévy Processes

14.1 Motivation and basic properties . . . . . . . . .. ...



Chapter 1

Basic concepts

1.1 Wide sense stationary processes

Exercise 1.1 Let (y,) be a wide sense stationary process and let us define
Up = Q1Yn—1 + *+ + QpYn—p, with ag real, k=1,...p.

Show that (uy,) is also a wide sense stationary process.

Solution: The mean value:

E(u,) =E (Z akyn_k) = Z arE (Y1) = 0.

The covariance of w,, and u,, is the following:

p p
Eupiru, = E (Z QrYn—k+r Z allJnl) =

k=1 =1

P p p P
Z Z kG E(Yn_trrYn_i) = Z Z agar(l —k + 7).

k=1 =1 k=1 =1
It is indeed independent of n.

Exercise 1.2 Define the p X p matriz R = (Ry,) by
Rkyl:T(l—k), k,lzl,p

Set
Y = (Yn_1,.-- ,yn_p)T.
Prove that the matriz R defined above can also be written as R = E(YYT).

4



Solution: We have

YYT = : (Yot Ynp) ',
yn—p
thus (YYT)k’l = Yn—kYn—1- Then

EYYD) =Bynptny=r(n—k—n+10)=r(—k).

Exercise 1.3 Using the representation R = E(YYT) prove that R is symmetric and

positive semidefinite.

Solution: As the autocovariance function is symmetric, (r(7) = r(—7)), the matrix R
is symmetric. We also have to prove, that for all a € R?, the quadratic form a’ Ra > 0.
Indeed,

a’Ra=a"E(YYT)a=Ead" (YYT)a=E("Y)("Y)" >0.

Exercise 1.4 Let y = (y,) be a complez-valued w.s.st. process with autocovariance func-

tion 1Y(+). Show that the matriz R = (Ry,;) defined by
RkJIT'y(l—k), k,lzl,p

15 a Hermitian, positive semi-definite Toeplitz matrix.

Solution: As the entry R;j only depends on [ — k, it is a Toeplitz matrix. For complex

w.s.st. processes we have

Rk,l = T’y(l — I{J) = T’y(l{? — l) = Rl,k7
thus R is Hermitian. For all a € CP we have

@"'Ra=a"E(YY")a=Ea" (YY")a=E(@TY) (@ Y)" >0.



1.2 Orthogonal processes and their transformations

Exercise 1.5 Show that the sequence (y, n) is a Cauchy sequence in Ly norm.

N
Solution: As y, v = Z hien_k, we have by the orthogonality of (eg) for N < M
k=0

M
Hyn,M - yn,NH2 = Z hi <eg,
k=N+1

if NV is large enough, since by assumption (hy) € ls.

Exercise 1.6 Define y, by
Yn = Z hkenflv
k=0

Show that y = (y,) is a wide sense stationary process.

Solution: We know from the previous exercise, that
= i .
Yn Nl—r>r<l>o Yn,N

Then
Ey, = lim Ey, y = 0.
N—o0

Also, for the autocovariance function we have

o

. 2

lim EYntr NYnm = E hihyyr - 0°.
N—o0,M—00 v

1.3 Prediction

Exercise 1.7 Show that if R is singular then y, can be predicted with O error.

Solution: If R is singular, then there is a nonzero vector v = (vy,...v,)T, such that

vI'R =0, and also v" Rv = 0. We can assume, that the first non-zero element of v equals

to 1. Also, we can assume that v = (1,vy,...,v,)". Define

p

Un = Z(—Uk+1)yn—k-

k=1



Then
p—1 2
E(yn - Qn)z = E (yn + Z Uk-i—lyn—k) =
k=1
= UTE(yna Yn—1, - - -yn—p—l-l)T(ym Yn—1, - - ‘yn—p—i-l) v=1v"Rv= 0,
thus the prediction error is 0. O

Exercise 1.8 * Show that for the process (y!) we have

HY = {0}.

Solution: Let us recall that

where e = (e,,) is the innovation process of y = (y,,). Therefore y], € H¢ for all n implying
HY C Hf for all n.

It follows that
HY C H® .

Now if v € H® _ then v € H¢ for all n. Since e = (e,) is an orthogonal process we have
emLHE for any m > —n.

In particular

emluv.

Note that the latter claim holds independently of n, for all n. It follows that
vl H®=HS.

But, obviously, v € HS . Thus we must have v = 0.

Exercise 1.9 * Show that

s

HY = HY

—00



Solution: We have
Yn = Yy, + Y, for all n.

The orthogonality y" Ly® implies
HY LHY,

and thus
HY 1HY for all n.

First we show that
HY D HY.

To see this note that the definition
en = Yn — (Yn|Hp_1)
implies e,, € HY for all n, which in turn implies
H; C HY for all n.

But then y,, € HY implies
Yy, € HY, for all n,

and hence y; = vy, — vy, we also have

v, € HY, for all n.
We conclude from here that

HY C HY for all n,

which implies
HY C HY,.

Now to prove the opposite inclusion let v € HY_. Then v € HY, for all n. The
decomposition of y as y, =y, + y, with y" Ly* implies

HY =HY @& HY,
for all n, where & denotes orthogonal direct sum. Let us write v as
v=0", +v,
with v", € H” and v* € HY,. Then

v (v|HY,).

-n



Now letting n tend to infinity we get that

. r - . y’l‘ - yT
Jim o7, = Tim (0| HZ,,) = (v|HZ)

But HY, = {0}, hence v", — 0 and we conclude that

v = lim v? .
n—oo

Obviously, the right had side belongs to HY,, for all m and hence it belongs to HY_ . O



Chapter 2

Prediction, innovation and the Wold

decomposition

2.1 Prediction using the infinite past

Exercise 2.1 Prove that

(yn’Hg—l) = ph_{go(yn’Hg—l,n—p) n L2(Q>‘Fa P)

Solution: Let us denote
Un = (yn’HryL—1>> and ¥, = Yn — Un-

Thus
Yn = gn + gn7
where 3, L H’

n—1

Thus projecting both sides onto HY

and also 7, L (yn|H? n—l,n—p)

—1n—p-
we get

(yn|H7lll—l,n—p) = (:&n|Hg—l,n—p) :

But § € cl (U,H,_,,,_,) implies
pliglo ((@n|Hgfl,nfp) - g) = 0.

2.2 Singular processes

Exercise 2.2 Show that if HY = H'_, for a single n, then HY = HY | for all n.

10
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Solution: We know, that the process (e,,) with e,, = v, — (y,|HY_;) is a w.s.st. orthogonal
process. If HY = HY |, then one of these random variable is zero, thus all of them are

Zero. O

Exercise 2.3
Yo =™ n=0,41,%2,...,

Show that the above process is wide sense stationary.

Solution:
Ey, = E¢e™ =0,
and
By T = BECHTTIFemins — o2
is independent of n. O

Exercise 2.4 Show that y is singular, i.e.

HY=H!_, for all n.

Solution: A simple proofis obtained by applying the result given in the following exercise.
O

Exercise 2.5 Let y be a w.s.st. process such that dim(HY) < oo for some n. Then y is

singular.

Solution: Let dim(HY) = p < oo. Consider is a basis (yp—n,), ¥ = 1,...p. This is a

generator system, thus

p
Yn = Z CkYn—ny»
k=1
with some c; € R. It means, y, can be predicted with zero error. 0]

Exercise 2.6 .
Yn = Z gkemwk
k=1
Prove that the process y defined above is singular, i.e.

HY=H!_, for all n.
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Solution: We apply previous Exercise. Let us consider m + 1 random variables in H?:

Ynos Ynys - - - Yn,,- Lhen we can write

inow inow inow

Yno elnowl einowz oMW 51
iniw N1 W N1 w

Yny etmiwl etmiw2 L. etmwm 52

= Y

MW MW TN W

ynm eMmWi  ptmwW2 L. efmWm é‘m

or in compact form Y = A-Z. Here Y and Z are random variables, and A is a matrix with
constant elements from C. The dimension of the matrix is (m + 1) x m, thus the rows are
linearly dependent. There is an a € C™*! vector such that A = 0 and thus o’Y = 0.
It means, that any m + 1 element in HY is linearly dependent, thus dim(HY) < m < oo,

and the process is singular. 0

Exercise 2.7 A simple example for a real-valued singular process is given by
Yn = cos(wn + @) w # 0,

where ¢ is a random phase with uniform distribution on [0,27]|. Show that (y,) is a wide

sense stationary process.

Solution: As ¢ is a random variable with uniform distribution on [0, 27], its density
function is 1
— 1z €[0,2q7]
2m
fz) =

0 otherwise

Thus the mean value )
4 1
Ey, = / cos(nw + m)z—da: =0.
0

™

Applying the identity

Cos(a) Cos(ﬂ) _ COS(Oz - 5) —;—cos(a + 5)

we get

cos(wT) + cos(w(2n + 7) + 2¢p)
5 :

Yn+rYn = COS (w(n + T) + (p) Cos(wn + 30) =

Taking expectation we get using the above argument, that

cos(w) + 0

EynJrTyn = 9 )

which is indeed independent of n. 0
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Exercise 2.8 Show that (y,) is singular.

Solution: Apply the identity cos(a + 3) = cos(a) cos(f) — sin(a) sin(3). We get
Ynt1 = cos ((wn + ¢) +w) = cos(wn + ¢) cos(w) — sin(wn + ¢) sin(w),

thus
Ynt1 = Yn cos(w) £ /1 —y2 sin(w) € HY.

It means, that
HY = H!_, for all n.

2.3 Wold decomposition

Lemma 1 For any random variable £ € Ly(Q2, F, P) we have

lim (§[H_,) = (§|H o).

m—00

Exercise 2.9 * Prove Lemma 1.

Solution: We shall apply the dual of this lemma, Lemma 2 bellow. Let us denote the
orthogonal complement of H_,, in Ly(Q, F, P) by H, i.e.

Ly(Q, F,P)=H_,,® H.
Then

(E1H ) =& = ([H,).
Applying Lemma 2 we get

(ElH,) = (§lHy),  Hi =l (UnH,y).

lim
m—0o0

As HZT is the orthogonal complement of H ., Lemma 1 is proved. U

Lemma 2 Let H, C Ly(Q,F,P) be a monotone increasing sequences of Hilbert sub-
spaces, i.e. H, C H,1q. Let
H, =cl (U,H,),

with ¢l denoting the closure. Then for any x € Ly(Q, F, P) we have

lim (z|H,) = (z|Hy).

n—oo
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Exercise 2.10 * Prove Lemma 2.

Solution: Let (z|Hy) =y, and write
r=y+ Az,

where Ax | H,,. Then also Az 1 H, for any n. Thus projecting both sides of the above
equality onto H,, we get
(x| Hy) = (y[Hn).

But y € cl (UH,) implies that
lim (y — (y|Hy)) =0,
n—oo

thus (y|H,,) converges to y, and the proposition follows. O

Exercise 2.11 Show that the processes (y:) and (y)) are orthogonal, y* L y", meaning
that

vy Ly for all n, m.

Solution: For any v € HY _ and any k we have v L e, since v € H{ ;. By definition
ys) € HY o (since y5 = (yn|HY)), and yl, = > po Ck€n—i, Thus for all n and m, y and

y,. are indeed orthogonal. OJ

Exercise 2.12 Show that for the process y" = (y) we have
HY ={0}.

Solution: First, by definition y" = chen,k, thus HY" C H¢ for all n. On the other

k=0
hand H¢_ = {0}, since e, LH® _ for all n.. O



Chapter 3

Spectral theory I.

3.1 The need for a spectral theory

Let

Yn = € + CEp_1.

Then

€n = —Cep_1+ Yn,

and iterating this equation we get, assuming |c| < 1,

(_C)kyn—k'

WE

€n =

B
Il
o

Exercise 3.1 Show that the right hand side above is well defined.

Solution: Let us define

k=0
Then for N < M we have .
ef\z/[ -6, = Z (_C)kyn*kv
k=N-+1
thus
M M
E(ef‘f — 67]:7)2 =7rY(0) - Z 2k — 2rY(1) - Z (czkH + ),
k=N+1 k=N+2

since r¥(k) = 0 if |k| > 1. It follows, that (¢)/) is a Cauchy sequence as M — oo, thus

the limit is well defined.

15

O
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3.2 Fourier methods for w.s.st. processes

Proposition 1 We have
lim {n(we) = &,

N—oo

lim éyv(w) = 0 for w # wy

N—o00

in the sense of Lo(Q2, F, P) and also w.p.1.
Exercise 3.2 Prove Proposition 1.

Solution:

R ‘ N/ m
5]\[(&)) = ON + 1 Z yne—lnw — (Z znwk> —inw _
n=—N

k=1

N

= 1 znwk w
:;fk <2N+1 ZN ) chﬁk

n=—

If w = wy for some k, then on the right hand side of the equatlon the coeflicient of & is

the following:
N N

1 . 1
in(wy—wk) _ 1=1
ON + 1 ZNG IN + 1 ZN ’

n=— n—=—

thus this term of the sum is exactly &.

If w # wy, the coefficient of & is the following:
N

1 Z ein(wk,—w)_ 1+22 1COS< ( k_w))‘
2N +1 2N +1

n=—N

We shall use the formula for the Dirichlet kernel:
sin ((n + 1)x)

Cr —

1+ QZcos(kz:U) =

p sin (z/2)
Thus (( b ))
1  sin((N + )y —w
= 0 f N .
“TION+1 s (wg —w)/2) ” o o
It proves the Proposition. O

Corrolary 1 The spectral weights o can be obtained as

—inwy

or = E|&G| =

Exercise 3.3 Prove the above corollary.

Solution: This follows simply from the fact that {n(wy) — & in La($2, F, P). O
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3.3 Herglotz’s theorem

Exercise 3.4 Show that the truncated rn(T) sequence itself is an auto-covariance se-

quence.

Solution: Obviously, ry(7) is a positive semi-definite sequence. Hence it is an auto-

covariance sequence.



Chapter 4

Spectral theory I1.

4.2 Random orthogonal measures. Integration

Exercise 4.1 Prove, that for any 0 < a < b < 27 we have
F(b) = F(a) = EI¢() = (a)",

thus F' s monotone nondecreasing.
Solution: Write [0,b) as the union of [0,a) and [a,b). Then by definition

¢(b) = ¢la) L ((a) = ¢(0).
Apply Pythagoras theorem:

E[¢(b) = ¢(a)]* + El¢(a) = ¢(0)]* = El¢(b) - ¢(0)]*.

Substituting ¢(0) = 0, and E|((a)|? =: F(a) we get

E[¢(0) = ¢(a)|* + F(a) = F(b).

Exercise 4.2 Let f, g be two left continuous step functions on [0, 27|. Then

EI(f)I(g) = / " f(w)g(@) dF ().

18

(4.1)
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Solution: Take a common subdivision for f and g, denote the intervals by [ag, fk),

k=1,2,...n. Then

Z AkX[Oék7ﬁk)7
k=1
Z Mk X[ok,Br) 1
k=1

and the product function:

3

Thus the integral of fg on the right hand side of (4.1) is the following:

/ flw ZAlmk — Flag)).

Let us compute the left hand side of (4.1). We have

5 =S M6~ Cla), 1(9) =S m(C(Br) — law)):

The random variables ({(8x) — ((ax)) k= 1,2,...n are independent, thus

EI(f Z)\lmkEK Br) — ¢(an)|? = Z)\knk — F(ow)).

k=1

Exercise 4.3 Prove that .
™
0

18 w.S.st.
Solution: Ey, = 0. Applying the isometry we get

27 2r
EynUnir = / e eintmw dF(w) = / Y AR (W),
0 0

which is independent of n.
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4.3 Representation of a wide sense stationary process
Exercise 4.4 Prove the above implication.

Solution: Let g(w) = >y cn€™, ¢, € C. Then g = 0 in L§(dF) = L3([0,27),dF)

means, that o
| s pare) o
The corresponding random variable is I(g) = > . n ¢n¥n- Then
o o
Bllg)=0. Bl =Y. Y et [ @0 mapw) = [ lg)PaFw) =0

Thus I(g) =0 a.s. in L§(Q2, F, P). O

Exercise 4.5 Show that the structure function of the random orthogonal measure ¢ is F',

predetermined by the spectral distribution function of y.

Solution: Indeed, we have
1
dF (w) = dFY(w) - —,

21

2m
since y, = / e d¢(w), thus
0

2m 2m
E(yn+7%) — / ei(nJrT)wefinwdF(w) _ / ezanF(w)
0 0

4.4 Change of measure

Let d{(w) be a random orthogonal measure on [0, 27) with the structure function F(w).
Let g € L§(dF'), and define

n(w) = /Owg(w’)dg(w’) 0 <w < 2m.

Exercise 4.6 Show that dn(w) is a random orthogonal measure, with the structure func-
tion
dG(w) = |g(w)[PdF (w).
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Solution: We have 7(0) = 0. For any two non-overlapping intervals [a,b) and [c, d)

contained in [0, 27) we have

d b
o) = ne) = [ g@)dcw) )= nta) = [ gl)dc(w),
As the domains of integration are non-overlapping,
n(d) —n(c) L n(b) —nla).

The structure function can be computed using the isometry between L§(dF') and
L5, F, P):

Eln(a)P? = En(a)(a) = / " G(w)g@)dF (w) = / " lg(w) PdF(w).

4.5 Linear filters

Exercise 4.7 Show that the spectral representation process of y is given by
d¢¥(w) = H(e™™)d(" (w),

where

H(e—iw) — Z hke—ikw'
k=0
Solution: The spectral representation of (u,) gives

2
un:/ e d¢" (w).
0
Thus or or
un_k:/ ei("_k)”d(’“(w), and hkun_k:/ hkei("_k)“’d{'“(w).
0 0

It follows, that

2r M

Yn = Z Pty = / Z hkel(nfk)wdcu(w) =
k=0 0 k=0
2w ) m ) 2 ]
_ / einw <Z hke—zkwdcu(w)) :/ eznwdgy<w).
0 P 0
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Exercise 4.8 Show that the integrand on the right hand side converges to e™ H(e™™) in
LS(dF™).

Solution: We know, that
. m( _ —iw\ __ 1% —tkw __
i BT ) = N D e =
in L§(Q, F, P). Thus due to isometry

m—o0

2 2
lim /0 67anHm(€—iw)dCu (w) — /0 eian(e—iw)dCu (Cd)



Chapter 5

AR, MA and ARMA processes

5.3 The AR(1) process

o0

Exercise 5.1 Prove that (y,) defined by y, = Z(—a)ken,k does indeed satisfy vy, +

k=0
AYn-1 = €y -

Solution: We have
Yo =en+ Y (—a)feni=en+(—a)) (—a) e i_gr) =
k=1 k=1

o0

=cn+(—a) Z<_a)k6n—1—k = €n — AYn-—1.
k=0

Here we used the fact, that the coefficient-sequence is absolute convergent, and (e,,_) is

an orthogonal sequence in Ly(Q2, F, P). O

Exercise 5.2 If |a] > 1 define

[e.9]

1.1
YUn = Z(_a) a€n+k+1-

k=0

Show that the r.h.s. is well-defined, and (y,) does indeed satisfy yn + ayn_1 = €p.

Solution: The r.v-s (e,4%), K = 1,2, ... form an orthogonal sequence in Ly (2, F, P). As
la| > 1, the coefficient sequence on the right hand side is absolute convergent. Thus the
right hand side is well-defined.

23
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We have

1
Yn :—€n+1+ Z ( )en+/€+1 —€n+1——z - —€(n+1)+(kz+1)

thus
1 1

Yn = —€n4+1 — —Yn+1,
a a
and it can be rearranged as

€ni1 = Ynt1 T AQYn.

5.5 MA processes

Thus let e = (e,) be a wide sense stationary orthogonal process and define
m
Yn = Z Cren—k
k=0

Exercise 5.3 Show that (y,) is a wide sense stationary process.

Solution: The mean value and the covariances are independent of n, since Ey,, = 0, and

m

CkCJ en kEn— ] E C

Ms

i

07

For 0 < 7 < m we have:

m m m
yn—i-Tyn E E Ckcj en—k+T€TL—j> = E CrCl—r-
k=1

=0 j=0
Similarly, for 7 > m we get E(yn1,yn) = 0. O
Exercise 5.4 Show that e, = » (=1)*0"y,_y, is well-defined, if » b < oo, i.e. [b] < 1.
k=0 k=0

Similarly, e, = > pe o(—1)" 3 2p—i is well-defined if [b] > 1.

Solution: We shall use the Cauchy-Schwartz-Buniakovskii inequality in Lo(Q, F, P).

Thus
|E(ynyn—7)| = |<ymyn—7>| < HynH Hyn—T)H =\ Ey'IQ‘L Eyr%fr = ry(o).
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Let us consider the |b| < 1 case. We have

N
en = lim e, with €Y = Z(—l)kbkynfk-

n?
N—oo

Then using CSB we get

N
E(el)? <) v v :
(€ <2 #H0) <O

Thus (e)), N € N is a uniformly convergent Cauchy sequence, it is convergent. 0

5.6 ARMA processes

Proposition 2 Assume that A(z7') # 0 for |z| = 1. Then there is a unique w.s.st.
process satisfying A(q )y = C(q)e.

Exercise 5.5 Prove the above proposition.

Solution: Let us assume, that such a process does exist. As (y,) is a wide sense stationary

process, there is a unique random orthogonal measure d(¥(w), such that

27
o [t
0

The spectral representation of the process u,, = A(¢g~ Yy, = C(q¢ e, is

= [ A = [T o)

From the uniqueness of the spectral representation it follows, that

) = G e ()

As (e,) has spectral density function, (y,) also has spectral density function::

C(einw)c(e—inw) 1 . )
Y(w) = O ) () = —|H(e "
P/) = S g 1) = g H ()P,
where o , )
. ef’LTLOJ
H T —_ .
(6 ) A(: emw)
Now, since A(—e™) = 0 for w € [0, 27], obviously f(w) > 0. Thus there exist a process
with this spectral density function. O

Proposition 3 Assume that A(z™1) and C(27') are stable polynomials. Then (e,) is the

innovation process of (Yn)-

Exercise 5.6 Prove the above proposition.
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5.8 ARMA processes with unstable zeros

Exercise 5.7 Let G be an all-pass transfer function, and let € be a w.s.st. orthogonal

process. Then the process e defined by
d(*(w) = G(e™)d(" (w)

18 also a w.s.st. orthogonal process.

Solution: The spectral density of e is
fw) =|G(e™™)P fo(w) = fo(w),

since |G(e™™)|? = 1. Thus the spectral density functions of e and ¢’ are the same, ¢’ is

also a w.s.st. orthogonal process 0



Chapter 6

Multivariate time series

6.1 Vector valued wide sense stationary processes

Exercise 6.1 Show that (z,) is an R-valued wide sense stationary process and we have

p p
Ezp =Y Y aR(k—1)a; > 0. (6.1)

k=1 I=1
Solution:
P P T P P
EZ?;, =E Z a;—yn—k’ (Z al—ryn—l) = EZ a;—yn—k ’ Z yr—yl,—_lal =
k=1 I=1 k=1 1=1
PP PP
= ap (Byn—nyy_)) @ = ap (Rin—k—(n—10))a.
k=1 I=1 k=1 I=1
O]
Exercise 6.2 Prove the converse statement: let R(1), — oo < T < 400 be a positive

definite sequence of real-valued, s X s matrices. Then it is the auto-covariance sequence

of an R?-valued, wide sense stationary Gaussian process.

Solution: (Sketch) First truncate the sequence as
R(r) if |7| <N
Ry(T) = -
w(r) { 0 if |f|[>N
Then there are random variables £ _n, ... &, ... &y with Gaussian distribution, such that

the autocovariances are the given Ry (7).

Now we can apply Kolmogorov extension theorem, since the measures satisfy the con-
sistency conditions as N — oo. This theorem ensures, that there exists a probability

space (2, F,P) and a stochastic process with the above marginal distributions. 0J

27
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6.2 Prediction and the innovation process

Exercise 6.3 Show that e, = 0 is indeed equivalent to

HY = HY ;| for all n.

Solution: It is the same, as in the scalar case.

6.3 Spectral theory

Exercise 6.4 Prove that a quadratic form o' Fa, with F symmetric, determines the

bilinear form corresponding to F uniquely as

BTFy=—((B+7)"FB+7)—B-7"F(B-7).

A

Solution: We are in a Euclidian space. This formula gives the well-known connection
between the norm an the scalar product. Especially, for § = v we get back the quadratic

form:

(28)TF(28)) .

e

§TER = 3 (20) F8) — (8- 8) F(5 - B) =

Exercise 6.5 * Let F(-) be an s X s matriz-valued function on [0, 2w such that the in-
crements F(-) are symmetric and positive semidefinite. Then for any k,l = 1,...,s the

elements Fy;(w) are of finite variations.

Solution: For any fixed a € R® the function F,(w) = a'F(w)a is monotone non-
decreasing. Recall the expression of the bilinear form 3 F(w)y via the corresponding

quadratic form.

Exercise 6.6 Show that for an R*-valued orthogonal wide sense stationary process (ey)

with covariance matriz A = Eene,] we have

flw)=A for Yw.

Solution: Using the given f(w) function we get

1 2T ) 1 27 ) A f —
— e fw)dw = A—/ e™dw = 1 T=0 ,
21 Jo 27 J, 0 if T#0

and this is the autocovariance matrix function of an orthogonal wide sense stationary

process with covariance matrix A. ([l



29

6.4 Filtering

Proposition 4 The spectral distribution of the process v is given by

dF(w) = H(e ™) dFY(w)H (e™)".
Exercise 6.7 Prove Proposition /.

Solution: We have )
1 T
Byl = Rr) = - [ @dF(),
0

27
Then
p p T
Evn-i-'rvg = Ezhkyn+r—k <Zhjyn—j> =
k=0 j=0
p P P P 1 2 '
= DD B (Yusratn ) b == i (2— / GZ(TH])wdF(w)) nl
k=0 j=0 k=0 j=0 TJo
1 2w p p 1 2w
- iTW h —tkw dF hT gw | i‘rwdFU ]

Proposition 5 Assume that the right hand side of
H<67iw) _ Z hkefiwk
k=0
converges in Ly"°(dF). Then the process (v,) under

Up = Z hkyn—k
k=0

is well-defined, i.e. the right hand side converges in Ly (2, F, P), and the spectral distri-

bution of (v,) is given by

dF(w) = H(e ™) dFY(w)H " (™).
Exercise 6.8 Prove the above proposition following the proof for the scalar case.

Solution: Truncate the infinite sum defining v,, at m, i.e. define

Uy = Z Y-t

k=0

m
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Then the spectral representation of v = (v is given as

2
,U;n :/ em“’Hm(e_i“’)dC“(w),
0
where .
Hm(e—iw) — Z hke—ikw'
k=0
Now letting m tend to infinity, the L.h.s. of the above equality converges to v, in

L3"(Q, F, P). Similarly, the integrand on the right hand side converges to e~ H(e™™) in
L7 (dF) O

6.5 Multivariate random orthogonal measures

Theorem 1 Let d((w) be a C*-valued random orthogonal measure, with structure func-
tion dF(w). Then the C*-valued process

2
R ®
0
1s wide sense stationary, and its spectral distribution function is given by

dFY(w) = 2w dF (w).
Exercise 6.9 Prove Theorem 1.

Solution: Apply previous Theorem about the isometry, stating

EﬂmfmrzéﬂmMEwmmm

where . .
Mo = [ o) Tdc) 10 = [ hw)-T i)
Then
Uo = I(E), g = I(e72),
Thus

2T
E Un y:H—T —F I((eznw) [(ei(n+7)w>* _ / einw Ei(n-{-'r)wdF(w) —
0

2 ] 1 27 ) 1 27 ]
= / e "dF (w) = —/ e Y 2rdF (w) = —/ e TYdFY (w).
0 0 21 Jo

27 s



6.7 Linear filters

Exercise 6.10 Show that the spectral representation process of v is given by
d¢* (w) = H(e™™)dC" (w).
Solution: The spectral representation of (y,) gives
2m ]
m= [ i)
0

Thus

27 2T
Yn = / e Rwdcy(w),  and  hpyn_p = / hie! RO dCY (w).
0 0

It follows, that

2 P

p
Un = Z hkyn—k‘ = / Z hkei(n—k)wdcy(w) =
k=0 0 k=0
2 p ' 2r
_ / einw Z hkeflkwdgy ((U) _ / €and<v (w)
0 Pt 0

Exercise 6.11 Assume, that the infinite series
H(e ™) = Z hye ",
k=0

converges in Ly"°(dFY). Then the spectral representation process of (v,) is

d¢"(w) = H(e™™)d¢"(w).

Solution: Truncate the infinite sum defining v,, at p, i.e. define

p
vh = Z PrYn—r-

0

k=
Then the spectral representation of v” = (vF) is given as

2
Uﬁ:/ e HP (e7)d¢" (w),
0
where

p
Hp(e—iw> _ Z hkefik'w'
k=0

31

Now letting p tend to infinity, the l.h.s. of the previous equality converges to v, in

LS*(Q, F, P).

O
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Exercise 6.12 Re-derive the formula for the spectral distribution measure of v:
dF°(w) = H(e7™)dFY(w)H " (™)

using the exercise above.

Solution: The spectral representation process of (v,,) is
d¢*(w) = H(e™™)d¢" (w),
which means that the process can be represented as
21 ) 21 ] )
v, = / e d¢" (w) = / e H(e”*)d¢Y (w).
0 0
Then also we have

2m
UnT:/ e H (67 d¢Y (w).
0

The covariance of these two random vectors can be written using the isometry:

27 2
Ev,vl :/ e H (e ™“)dFY (w)ein—"w H (e~iw) :/ ™ H (e ™)dFY(w)H (™).
0 0
Comparing it with the definition of the spectral distribution measure:
2 )
Ev,vl = / e dFY (w)
0

we get the desired formula. 0

6.8 Proof of the spectral representation theorem

Exercise 6.13 Let ((a),0 < a < 27 be an C*-valued stochastic process such that for any
a € C* the complez-valued process o' ((a),0 < a < 27 has orthogonal increments. Then

the process ((-) itself has orthogonal increments.

Solution: Indirect. Let us assume, that there exist 0 < a < b < ¢ < d < 27, such that

and the covariance matrix of the increments is not 0, i.e.

E(¢() = ¢(a)(C(d) = ¢(c))" = R#0 € R™.

But on the other hand for any o € R* a*Ra = 0. Then also a*R*a = 0, and thus the
quadratic form
a"(R+ R")a =0, = (R+ R*) =0.

It means, that R is antisymmetric. 0



Chapter 7

State-space representation

7.1 From multivariate AR(1) to state-space equations

Proposition 6 Let us consider the multivariate linear stochastic equation
Tpi1 = Az, + Bo,.

Let A be a stable s X s matriz. Then this equation has a unique wide sense stationary

solution (x,), given by
Ln+1 = Z AkBUn_k.
1t follows that x is a causal linear function of v, more exactly, for all n
Hy , CH,.

Exercise 7.1 Prove the above proposition.

Solution: The spectral representation of z is given by
dcx(w) — A( 710.;) 1dcv< )

where

Ale™™) ™ = (] — A~

As A is stable, det(z] — A) is not zero for |z| > 1. Tt follows, that

(2] — A)~ ZAk k

33
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is well defined for |z| > 1, i.e.
Z Ak o~k
k=0
is well defined for |z| < 1. Then
Z A*Bu,_,,
k=0

is well defined. UJ

Lemma 3 Let A be an s X s stable real matriz. Then
(€I A => "he ™, =1
k=1

with some sequences of s X s real matrices hy, where convergence in the right hand side

is understood in the sense of Ly*™*(dw). In fact, convergence is also uniform in w.
Exercise 7.2 Prove the Lemma 3.

Solution: Note that the matrix-valued function (21 —A)~!is analyticin {z : |z] > 1—¢}
for some € > 0. Then it is analytic for |z| = 1, it can be represented as a Taylor series for
z =",

Exercise 7.3 Prove the Proposition 6 using Lemma 3.

Solution: It was already done in Exercise 7.1.

Proposition 7 Assume, that eI — A is not singular for all w € [0,2x]. Then
Tni1 = Az, + Bu,

has a unique solution.
Exercise 7.4 Prove the above Proposition 7.

Solution: Assume that a wide sense stationary solution (z,) exists. There is a unique

random orthogonal measure d¢*(w), such that

2m
xn:/ e dCt (w).
0
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Then also show that necessarily

Tpi1 = /2” el e (w).

0

and .
Az, + By, = / e (AdC*(w) + B) d¢(w).
From the uniqueness of the orthogon;l measure we get
d¢*(w) = (eI — A) ' Bd¢* (w).
Then the spectral representation of the autocovariance matrices gives
dF*(w) = (¢“] — A)"'BdFY(w) ((e™™I — A)"'B) T.

The condition of Proposition 7 ensures, that dF*(w) is well-defined. Thus the state-space

equation has a unique solution. 0

7.2 Auto-covariances and the Lyapunov-equation

Exercise 7.5 Show that P can be written as

P =Y A*B%,,B"(A")".
k=0

Solution: We can use the expression of (z,) given by
Tnyl = Z AkBrUnfkw
k=0

The solution follows from the orthogonality of (v,), i.e.

Evgvm _ Yow if n=m
0 it n#m

O

Exercise 7.6 Show directly, with purely algebraic arguments, that, if A is stable, the
Lyapunov-equation

pP=APA" + BY,,B”

has a unique solution P, and show that it can be written in the form
> A*BY,,BT(AT).
k=0

Prove that the solution P, given by this formula, is positive semi-definite.
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Solution: Iterate equation
P=APA" + BY,,B".

We get

P = APAT + BY,,BT = A?P(A")? + ABY,,BT AT + BY,,BT =

_ An+1P<AT)n+1 + ZAkBEWBT(AT)k.
k=0
The first term on the last expression tends to zero with exponential rate, since A is stable.

Thus we get the given representation. 0

Exercise 7.7 Consider two Lyapunov equations
P = APA" + B%,,B"
with a common stable A and such that
Blzl,qulT < Bzxz,m;BgT-

Let the solutions be denoted by Py and P,. Show that P, < Ps.

Solution: If A is stable, then
B1Y1 Bl < Ba¥s By = ABYy B AT < ABy%s By AT

Thus

ZA’fBlszT (AT <> A*By%,, By (AT)! = Py
k=0 k=0

Exercise 7.8 Prove that for 7 < 0 we have R(1) = R(—7)T.

Solution:
R(T) = EynJrTyg = (Eyny7{+‘r>T = (Eynf‘ryz:)T = R(_T)T'

Exercise 7.9 Prove the validity of the recursion
P,.1 = AP, AT + BB”

for P,.
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To get the covariance function of (z,,) take the dyadic product of
Tni1 = Az, + Bu,
with itself:
Tl = Az,al AT + Bo,ol BT + Az,vl BT 4 Bu,al AT

Now as x,, € H'_,. we have

n—1

z, L v,.

Then taking expectation on both sides of the above equation we get given recursion. [J

Exercise 7.10 Show that if A is stable, then P, converges to the unique solution of

P = APAT + BY,,BT.

Solution: Reiterating the previous recursion, we get

Poy1 = AP,A" + BB" = A(AP,_1A" + BB") A" + BB" =

n—1
= AP, 1 A" + ABB"A" + BB" = --- = A"Py(A")" + Y A*BBT(AT).
k=0
As A is stable:
lim A"Py(A™)T =0,

n—oo

thus -
lim P, =) A*BB"(A")" = P..

n—00
k=0

In Exercise 7.6 we have shown that this is the solution of the discrete Lyapunov equation.
O

7.3 State space representation of ARMA processes

Exercise 7.11 Prove that Ry is non-singular by taking a state-space representation of

Y.



Chapter 8

Kalman filtering

8.1 The filtering problem

Exercise 8.1 Provide an argument for the validity of

H = Hg—l S E(Vn)'

Solution: We have v, = y,, — (y,|H?_,), thus v, is the innovation process of y,. 0

8.2 The Kalman-gain matrix

Exercise 8.2 Prove that the projection of the random vector x € L5(2, F, P) onto the
finite dimensional subspace of Lo(S2, F, P) spanned by the components of v is given by

T = E(@v)(Ewh)) v

Solution: Obviously, Z is an element of the finite dimensional subspace of Ly(Q2, F, P)

spanned by the components of v. Also, z — T is orthogonal to the components of v, since
E((z —2)v") = Eav" — Ezv" = Eav” — E (E(xv")(E(w")) v) v" =

=Eaxv" — E(a")(E(w"))'E (") = 0.

Thus 7 is the projection. O

38
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Exercise 8.3 Derive the above expression
H'Y¢gY)=I-C(ql-A+KC) 'K

from H(qg™') = C(qI — A)™'K + I using the matriz inversion lemma.

Solution: THE MATRIX INVERSION LEMMA is the following: Let

A
r— o Bo
Co Dy
be a 2 x 2 block-matriz with Ay and Dy being square matrices. Assume that Ag, Do are
non-singular and so is Ag — BODO_IC'O. Then
(A — BoDy'Co) ™ = Ay + Ay ' By (Do — CoAy ' Bo) ™' CoAp™.
Now we apply this lemma with the following choices:
A():[, BOZO, C():—K, DOZQI—A

Then we get
1

(I+C(I—-A)T"K) =1-C(qI-A+KC) K.



Chapter 9

Identification of AR processes

9.1 Least Squares estimate of an AR process

Exercise 9.1 Prove that R* is non-singular.

Solution: Obviously R* is positive semidefinite, as it is the covariance matrix of

(Yn—1, - - - Yn—p)- The singularity of R* would imply the singularity of the process y. O

Exercise 9.2 Prove that R* is non-singular by taking a state-space representation of y.

Hint: Show that the pair (A, b), as defined in Section 7, is controllable.

Exercise 9.3 * Show that Condition

N
. .1 .
h}{fn(—rN) = hj{fn N Zl Onln = Eppy, = —1r"  a.s.
implies that
li ! i =E =0 9.1
11{111]\7 > onen = Eppe, = a.s. (9.1)

9.2 The asymptotic covariance matrix of the LSQ esti-

mate

Exercise 9.4 Assume that (e,) is Gaussian. Show that (XN yn_1yn_1)"" has no finite

expectation.

40
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Solution: We have
N N
Z Yn—-1Yn—1 S C Z yg—ly;—b
n=1 n=1

where y/, is an i.i.d. sequence of standard normally distributed random variables, hence

the latter sum has a x? distribution with N degrees of freedom. ([l

9.3 The recursive LSQ method

Exercise 9.5 Assume that A and D are non-singular. Then

D a—eBpo)| —A'BDCA
de 0

Solution: If A = A(e) is nonsingular, differentiable function of €, then

d . 1 d 1
T (A(©) 7" = (A(e) " —A(e) (Al)

Now A(e) = A—eBD™'C, thus

dilg (A=eBD™'C)™" = (A—eBD™'C) (A—-eBD™'C) (A—BD'().

Substituting € = 0 we get the proposition of the exercise. O

Exercise 9.6 Prove the Sherman-Morrison lemma.

Solution: This is a special case of the matrix inversion lemma. We consider the following

block-matrix:

Then we have
(A=b(-1)") = AT AT ((—1) = TAT) AT =

—1

At '+ A TAT ———
+ ¢ 14+ +cTA-



Chapter 10

Identification of MA and ARMA

models

10.1 Identification of M A models

Exercise 10.1 Prove that the stability of C(271), implying the stability of 6’, yields that
E [2;,(0) — 2. (0)] = O(y")

with any ~y such that v > o(C), with o(C) denoting the spectral radius of C (known to be
less then 1).

Solution: Use the state-space representations for both processes, and take the difference
of the two state-space equations. Exploit linearity to see the effect of the differences in

initial values.

Exercise 10.2 Provide an expression of the coefficients ¢; in terms of the roots, say 7,

d o . 0
and express — via —.
press gy ' oe
Solution: The connection can be expressed via the following equation:

r

Clzh =1+ chz_l = H(l — 27 ty).

1=1
The derivative w.r.t. ~; is:

’ 1=zt

C(z).
O il

42
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10.2 The asymptotic covariance matrix of (/9\N

Exercise 10.3 Show that the first term on the r.h.s. of the equality
: 1 * * * * * * *
i 3 Vi (6°) = B Sn(0)en +23,(60)55767) ).
N N

18 Zero.

Solution: As we have seen before €}, () is in the subspace spanned by {&,_r(0) : k=
1,2,....}. For § = 0* this set is HS_;, and e,, L H . O

n—1

10.3 Identification of ARMA models

Exercise 10.4 Show that if A*(z™') and C*(27') have no common factor then R* is

non-singular.

Solution: Write R* = Ee;L'(6*)e;, (6*), and assume that R* is singular. Then there exists

a pair of vectors, say (u”,v”) such that
(u", 0" )egn (0%) =0

a.s. Defining the polynomials U(g™') and V(¢™!) with their coefficients being equal to

the components of u and v, resp., we arrive to the equality

U Vo 0
AT e T
a.s. Rearranging this we get
UC* —VA* =0,

which contradicts to the assumption that A*(27') and C*(27') have no common factor.

Exercise 10.5 Show that if A*(z7') and C*(271) have a common factor then R* is sin-

qular.

Solution: Apply the previous arguments in reverse order.
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Exercise 10.6 Compute the gradient process for the following models: MA(1), AR(1),
ARMA(1,1).

Solution:

MA(1) : The process is
Yn = €n + C*en—l'

The inverse process for |c¢| < 1 is:
En + CEn—1 = Yn.
The gradient process can be written as

Een + CEen—1 +éen1= 07 - Een + CE€cn—1 = —Ep—1-

AR(1) : The process is
Yn + @ Yn-1 = €y

The inverse process for |a| < 1 is:
En = Yn + AYn—1.
The gradient process can be written as
€an = Yn—1-
ARMA(1,1) : The process is

Yn+ @ Yn1 =€, +C€n1.
The inverse process for |a| < 1 and |c] < 1 is:

Ent+ CEQR—1 = Yn + QYn—_1.
The gradient process can be written as

Een T CEcn—1 = —Ep—1,

Ean + Ce€an—1 = Yn—1-



Exercise 10.7 Show that for 8 = 6* we have

Ly

@)= = (5 [g o

) .q_p} ¢~ [q .. .q_r] e)’.
Solution: In Lemma 10.10. it was proved, that
Clq™") eo(8) = —0(0).
Substituting 0 = 0* we get
C*(q_l) €9<9*) = _¢<0*) = _(_yn—lv vory TYn—py En—1, -1y en—7">T'
Here we used ¢,(0%) = e,,. The first part of the vector can be written as
T -1 —p T -1 —p % T
Wt tp) = (la a7l y)" = (la a7 o)

The second part of the vector is simply:

—(en-t, e enr) =—=([g"...qa7"] )"

Then dividing equation (10.1) by C*(¢™!) we get the statement of the exercise.

45
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Chapter 12

Stochastic volatility: ARCH and
GARCH models

12.2 Stochastic volatility models

Exercise 12.1 Show that that the triplet (e, Yn, 0n) itself is jointly strictly stationary.

Solution: First we show that (y,,o,) is jointly strictly stationary. Once we know
Yns Yn—1, Yn—2, - - -, aNy 0k is a deterministic function of them for k£ < n+ 1. Moreover, the
equation &, = y,/0, allows a deterministic computation of the error process if we know
the other two. The process (y,) is strictly stationary, thus the joint distribution of the
history Yn, Yn—1, Yn—2, - - - does not change under time shift. (e,,y,,0,) is obtained by a
deterministic function from (y, ), consequently their joint distributions are also insensitive
to time shifts. O

Exercise 12.2 Show that under the conditions above
Ely,|F! ] =0 as.

In other words (y,) is a martingale difference process.

Solution: Write
E[?Jﬂ'ﬁ—l] = E[0n5n|fg—1] = UnE[5n|fg—1] = 0.

The first equality is just the definition of vy, the second uses the fact that o, is a function
of the history of (y,). The is the result of (¢,) being i.i.d. O

46



Exercise 12.3 Show that under the conditions above

Elya| 7] =0 as.

Solution: Following the lines of the previous solution we get

Elynl Pl = Elogenl Fo 1] = 03Bl | ] =

47

O

Exercise 12.4 Show that under the conditions above (y,) is a w.s.st. orthogonal process.

Solution: For n > m we have

El0en0mem|FY_1] = Elonenomem| Fi 1] = 0nomemBlen| Fo

12.4 State space representation

Exercise 12.5 Show that X,, defined by the right hand side of
X;; = Up + Z AnAn—l ce An—k+1un—k

k=1

satisfies the state equation
Xo 1 =A XD FUupp, n€EZ

corresponding to the GARCH process.

Solution:

An—l—lX:; = An+1un + An—i—l Z AnAn—l s An—k+1un—k

k=1
oo

*
E Appi Ay o A it = X — Ung

Exercise 12.6 Prove uniqueness as stated in the theorem.

0.)

Hint: Let (X1,) and (Xs,) be two solutions. Consider the dynamics for the difference

process (X1, — Xap).
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12.5 Existence of a strictly stationary solution

Exercise 12.7 Show that (u,) is sub-additive, i.e. we have for anyn,m > 0 the inequality

Un4m S Un, + Um,-

Solution: We have
Uptm — Elog ||An+m . An+1An . Al“

The norm is sub/multiplicative, i.e.

1A - Bl < [[A]l- Bl

Thus
log | Ansm - A1 An . Al < log(|Ansm - - - Ansall - [[An -+ - Adl))
Taking expectation we get the statement of the Exercise. U

Lemma 4 Let (u,) be a sub-additive sequence. Then the limit

A= lim —u,

n—oo M,
exists, where —oo < \ < 400, moreover
.1
A= inf —u,.
n—oo 1

Exercise 12.8 Prove the above lemma.

Solution: Let A = inf,,_. %un Take £ > 0 and choose a k such that u/k < A+e. Then

for any integer n we have

Unk
Upp < nUg, — n_7;<:<)\+€'

Moreover, for any 0 < r < k and n large enough we get

1
nk +r

(Unge + uy) < (Ung + max ug) < A+ 2e.

Upgtr < <
ket nk+r 0<s<k

nk +r

Consequently limsup,, ., Tu, < A+ 2e. O
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Exercise 12.9 Prove that for any ¢ > 0 there exist finite r.v.-s Cy(w,€) such that for

any n we have
[ ApAn_1 ... Ap_pp|] < Cp(w, g)eP A+ M=k

Show that C,(w, ) can be assumed to be a stationary sequence.
Solution: After taking the logarithm we get the following constraint for C,,(w, ¢):
log||AnAn—1... Apii1l| — A(A) +e)(n — k) <log Cp(w,e).

By the definition of the top-Lyapunov exponent the left hand side tends to —oo as k — oo.
Therefore
s%p (log [|AnAn—1... Ap_kr1]] — (AM(A) +e)(n —k)) < 0.

Choose this value as C,,(w, €). O

Exercise 12.10 Prove that for any sequence of r.v.-s (u,) the condition
sup Elog™ |u,| < +o0
implies that for any € > 0 there exists a r.v. C(w,e) such that

lun| < C(w,e)e™.

Hint: Show that for any fix C' > 0 the probability that the events {|u,| > Ce®"} occur

infinitely often is 0. For this use the Borel-Cantelli lemma.



Chapter 13

High-frequency data. Poisson processes

13.3 Poisson point processes on a general state space

Exercise 13.1 Show that p is non-atomic, i.e. for all x € S we have u({z}) = 0.

Solution: Clearly N({z}) = |II N {x}| can only be 0 or 1. On the other hand, if we
had u({z}) = e > 0, then N({z}) would follow a Poisson distribution with a positive
parameter. But this can take values larger than one with positive probability, which is a

contradiction. O

Exercise 13.2 Show that for any Ay, Ay € G with p(A;) < oo we have

cov(N (A1), N(As)) = u(A; N Ay).

Solution: Let B = (A; N Ay). We may write the covariance as follows:
cov(N (A1), N(Az)) = cov(N(A; \ B) + N(B),N(As \ B) + N(B)).

Using the bi-linearity of the covariance we can expand the r.h.s., and observe that all but

one term vanishes due to independence. Thus
cov(N(A1), N(Ay)) = cov(N(B), N(B)).

But the variable N(B) follows a Poisson distribution with parameter p(B), consequently
its variance is indeed u(B). O

20
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Theorem 2 Let 11 be a Poisson process with mean measure p on S and let Sy C S be
measurable. Then
I, =1IN S,

s a Poisson process on S with mean measure

pi(A) = p(ANS).
Exercise 13.3 Prove the above theorem.

Solution: We verify the requirements of the definition. For II, (i) holds for any A; N
S1,AyN Sy, ..., A, NS; C S provided that A; are disjoint. But

thus (7) holds for II;. Similarly

Ni(A) = N(ANS) £ P(u(AN 8y)) = P((A)).

Theorem 3 Let II be a Poisson process in RP with rate function XNz, ...,xp). Letd < D
and let
g

be the projection of I1 on the first d coordinates. Then Il; is a Poisson-process with rate
function

N (21, ey g) :/...//\(xl,...,xD)dde...de.
Exercise 13.4 Prove the above projection theorem.

Solution: Apply the mapping theorem with

f(z1,...;xp) = (21, .., ).
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13.4 Construction of Poisson processes

Proposition 8 Let Xi,..., X, be i.i.d. on S according to the probability measure n. As-

sume that n has no atom. Then
II={Xy,.,X,}

1s a Bernoulli process.
Exercise 13.5 Prove the above proposition.

Solution: Verify

n!

P(N(Ag) = ng, ..., N(Ay) = ng) =

oLt A0) ()™

for the counts
N(A) =#{r: X, € A}

Use the fact that all X; are different almost surely.

Exercise 13.6 Work out the details of the proof of the existence of a Poisson process.

Solution: First assume that pu(X) = A < oco. Define n(A) = pu(A)/u(X). Choose the
number of points in X, say N according to P(\). With N being fixed, construct the
realization of a Bernoulli process. Then the resulting process will be a Poisson point

process with intensity measure p. The case u(X) = oo is handled by first writing

so that u(X;) = A\; < 0o, (assuming that p is o-finite.)

13.5 Sums and integrals over Poisson processes

Exercise 13.7 Prove the two identities:

B(E) = / f(@)uldr).

S
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and, if
21:Zf1($), Z2:Zf2(x)7

zell xzell
then

Cov(Sy, 5y) = / £1(2) fol) ().

S

Solution: Both identities are true for step-functions. From there the final result follows

by a simple limiting argument. UJ

Exercise 13.8 Provide a formal proof for the above expression of var(3) by differentiating

the master equation

B(e") = exp [ (¢ = (o))
s
w.r.t. t once and twice, and setting t = 0.

Solution: Formal differentiation of the l.h.s. gives
d

aE(e”Z) = EiX(e"*) = Ei%,

when setting ¢ = 0. Similarly, formal differentiation of the r.h.s. gives

expl [0~ D)} - [if @) i) = [ifntar)
S s S
when setting ¢ = 0, which proves the first claim. We proceed with the second derivatives
similarly.

0

Exercise 13.9 Provide a formal proof for the above expression of cov(3y,3s) by consid-

ering the master equation

E(eitiTititaSe) — exp{/(eit1f1(z)+it2f2(z) ~ Dp(d)}.
s
and taking mized second order partial derivatives
92
o0ty
and setting t, =ty = 0.

Solution: Follow the proof of the previous exercise. ([l



Chapter 14

High-frequency data. Lévy Processes

14.1 Motivation and basic properties

Exercise 14.1 Show that the characteristic function of L; can be written in the form

Solution: Write Ee™Lt = et Since the increments are i.i.d. we have

pr(u) + pac(u) = pryar(w).

Since p;(u) is continuous in ¢, it follows that p;(u) = ti(u) with some 1 (u), as stated.

Theorem 4 Let (L;) be a pure-jump Lévy process (having no Brownian motion compo-

nent), with finite variation trajectories, defined by

Lt:/ot /R +N(ds, d). (14.1)

E [e"] = exp {t (ibu + /R 1 (e —1) u(dx)ﬂ :

Then

Exercise 14.2 Provide a derivation of the above simplified version of the Lévy-Khintchine

formula for processes with finite variation trajectories, using Campbell’s theorem.

o4
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Solution: For pure-jump Lévy processes with finite variation trajectories given by (14.1)

the integrability condition

min(|z|, 1)v(dz) < oo,
R!

implies the integrability condition present in Campbell’s theorem with f(¢,z) = x for
0 <t <t Then we will have ¥; = L;. The expression given for E [ei“Lf] given by
Campbell’s theorem is then just the simplified form of the Lévy-Khintchine formula:

O



