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Numerical Solution of Differential

Equations
B21/B1
Lecture 6
Initial value problem
Yy = flz,y), r € [20, Xp]
y(zo) = o

General form of a linear multistep method:
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Lecture 6

Initial value problem

y = flz,y), z € [x9, X ]
y(ro) = o
Lecture 6

Initial value problem

/

y = flo,y), x € [x0, X ]
y(ro) = o

General form of a linear multistep method:

k k
Z AjYn445 = h Z ﬂjfn-l—j
=0 =0



Stiff problems: Van der Pol’s oscillator ~ Stiff problems: Van der Pol’s oscillator
| N N

v +u@? -1y +y=0, y0)=2 y0)=1 V' +uly? =1y +y=0,  y0)=2 ¢(0)=1

with 4 = 0,1, 2,5, 10,20, 50. Solve on the interval [0, 60]. with = 0,1, 2,5, 10,20, 50. Solve on the interval [0, 60).
o= Y2, y1(0) =2
vo = p(l—yi)y2— w1, y2(0) =1
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Result for 1 = 0: = 1 Result for 1 = 1: = 1
p=0 y=y tiorp =1 y=y
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Resultforu=2: y=1 Resultfor u =5 y=1
N N
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Result for . = 10: = Result f = 20: =
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Resultfor n =50 y =1

A stiff linear system
N

Let A < 0 and consider

25
2
A y' =A=' =xy=0, y0)=1, y(0)=-r-2
il Write y1 =y, 2=y, y= (1),
0.5
of y =4y, y(0)=yo.
-0.5F
0 1 1
-1F A—(}\ )\_1> and YQ—<_>\_2>.
_ — L |
A stiff linear system A stiff linear system: A = —45
det(A—Z]):ZZ—()\—]_>Z—)\ 45§ \ T \ \ \ \ \ \ \
£
40‘;
21 = —1, 29 = A 3:,
yi(x) = 2e7% — ya(x) = —2e7% — \eM®

ooooooooooo
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Matlab code (for A = —45)

linear.m

function dy = lineq(x,y)

lambda=-45;

dy = zeros(2,1);

dy(1) = y(2);

dy(2) = lambda * y(1)+(lambda-1)*y(2);

launchlin.m
lambda=-45;
[X,y] = odel113(linear’,[0 2],[1 -lambda-2]);

plot(x,y(:,1),kd-", X, y(:,2),kp-’)

ical Solution of Di

The simplest example
N N

where

Exact solution

L ]

The simplest example:y’ = Ay, y(0) = 1, for A = —45
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Van der Pol’s equation by Euler's method: h = 0.18353535

I N

-3 I I I I I I | | |
J L 0 5 10 15 20 25 30 35 40 45 50

- p.16/45 Numerical Solution of Differential Equations — p.17/45



Van der Pol’'s equation by Euler's method: » = 0.184

X 10225
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t ical Solution of Dif

What has gone wrong? ... Absolute stability

—

Now suppose we apply

k k
Z AjlYn+j = hZﬁjf(In—Fjv yn—l—j)

§=0 j=0
to this model problem (f(z,y) = Ay with Re(\) < 0).

k
> (e = AhB))ynyj =0

5=0
Let us write h = Ah. Clearly, Re(h) < 0.

L

Solution of D

Matlab code for van der Pol's eq:y" + u(y?> — 1)y +y =0

Tfh —_input(’h? BDE T

n = 2;

Xmax = 50;

nmax = round( Xmax/ h);
y =[.50];

yvec = [y; zeros(nmex, 2)];

xvec = zeros(nmax+1, 1);

for i = 1:nmax

yprime = [y(2) -mux(y(1). 2-1)*y(2)-y(1)];
y =y + hxyprine;

yvec(i+1,:) =y;

xvec(i+1l) = i+*h;
|| end a
: pl ot (xvec, yvec(:,1),’ linewi dth’, 1), vngdsduhoreenscosions-pss
Absolute stability

N

Then,

General solution

YUn = ps(n)zf
S

where z; is a zero of the stability polynomial

k
m(z,h) = p(z) — ho(z) = Z(aj — Bﬁj)zj

|
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Absolute stability

Now,

lim y(xz) =0

r—00

Therefore, we want
lim y, =0
n—oo

For this to hold, we need

|zs] < 1 foralls=1,...,k.

Exercise

Find the region of absolute stability of:

# FEuler's method

ical Solution of Di

Absolute stability

I N

A linear multistep method is called absolutely stable in
an open set R 4 of the complex plane, if for all h € Ry all
roots z; = z5(h), s =1,..., k, of w(z, h) satisfy |zs| < 1.

The set R 4 is called the region of absolute stability.

L ]
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Exercise

I N

Find the region of absolute stability of:

# Euler's method
# The implicit Euler method

L ]

Solution of D
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Region of absolute stability of Euler's method Region of absolute stability of Euler's method

N I N

Yn+1 — Yn = hf(Zn,Yn) Ynt1 — Yn = hf(Tn,Yn)
Applytoy' = Ny, y(0) =1, where Re(\) < 0. Applytoy' =Ny, y(0) =1, where Re(\) < 0.
plz)=z-1,  o(z)=1

L L ]
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Region of absolute stability of Euler's method Region of absolute stability of Euler's method
Yn+1 — Yn = hf (T, yn) Ynt+1 — Yn = Bf (20, Yn)
Applytoy' =My, y(0) =1, where Re(\) < 0. Applytoy' =Ny, y(0) =1, where Re(\) < 0.
pl)=z2-1, o(z)=1 pl2)=z2-1, o(z)=1
m(z,h)=2z—1—h w(z,h)=2—1—h = z=1+h

Solution of D — p.25/45 Numerical Solution of Differential Equations — p.25/45



Region of absolute stability of Euler's method Region of absolute stability: interior of circle

N I N

Yn+1 — Yn = hf(xnayn)
Applytoy' = Ny, y(0) =1, where Re(\) < 0.

p(z)=2z—-1, o(z)=1

Y

lz| <1 iff |14k <1
Ra={hecC:|1+hl <1}

L L ]

Sl of iflrena Exuatons 2545 Nomeria oo ofDifeenialEquaons 2565
v =My, y(0)=1, X=-10, h =0.01 vy =My, y0)=1, X=-10, h = 0.05
| I N
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Matlab code for v/ = Ay, y(0) = 1, by Euler's method

ﬁh:i nput (' h? ’);

| ambda = -10;

Xmax = 3;

nmax = round( Xmax/ h);
y = 1

yvec = [y; zeros(nmex, 1)];
xvec = zeros(nmax+1,1);
for i = 1:nmax
yprime = | anbdaxy(1)

y =y + hxyprineg;
yvec(i+1,:) =y;
xvec(i+1) = ixh;

Lend

pl ot (XVGC, yVEC(: , 1) , k-’ , | i new dt hzme;icagc)mqpofDi@Kial-kqldons—p.szms

Absolute stability of the implicit Euler method

Apply to v/ = Ay,

Yn+1 — Yn = hf(afm—l; yn+1)
y(0) = 1, where Re(\) < 0.

p(z)=2-1, o(z) ==z

Solution of D

Absolute stability of the implicit Euler method

I N

Un+1 — Yn = hf(Tng1, Yns1)

Applytoy' =Ny, y(0) =1, where Re(\) < 0.

L ]
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Absolute stability of the implicit Euler method

I N

Yn+1 — Yn = hf(xn—i—l» yn+1>
Applytoy' =Ny, y(0) =1, where Re(\) < 0.

p(z)=2z—-1, o(z) ==z

m(z,h) =2z—1—hz

L ]
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Absolute stability of the implicit Euler method

Ynt+1 — Yn = hf (Tn+1, Yn+1)
Applytoy' = Ny, y(0) =1, where Re(\) < 0.

plz)=2—-1, o(z) ==z

m(z,h)=2—1—hz = z=-——0

ical Solution of Di

Absolute stability of the implicit Euler method

I N

Ynt1 — Yn = hf(Tn+1, Yn+1)
Applytoy' =Ny, y(0) =1, where Re(\) < 0.

p(z)=2z—-1, o(z) ==z

m(z,h)=2—-1—hz = z2=-—-

Ra={heC:|1-h|>1}

L ]

Region of absolute stability: exterior of circle

\J

\_/
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A—stability

I N

A linear multistep method is said to be A—stable if its region
of absolute stability, R 4, contains the whole of the open

left-hand complex half—plane, Re(h) < 0.

Example: The implicit Euler method is A—stable.

L ]

Solution of D
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The Dahlquist Barrier Theorem The Dahlquist Barrier Theorem

f # No explicit linear multistep method is A—stable. T f #® No explicit linear multistep method is A-stable. T
#® The order of an A—stable implicit linear multistep

method is < 2.

L L ]

Equations — p.37/45

Numerical Solution of Differential Equations — p.37/45 Numerical Solution of Differential

The Dahlquist Barrier Theorem Stepsize control: The Milne device
f # No explicit linear multistep method is A—stable. T fSuppose we are using the pth order linear k-step method T

# The order of an A—stable implicit linear multistep N .

method is < 2.

- _ _ Zajyn—i—j = hZﬂjﬂfﬁnﬂ,ynﬂ)

# The second-order A—stable linear multistep method =0 =0

with smallest error constant is the trapezium rule .

method. How to choose h appropriately?

L L ]
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Stepsize control: The Milne device

N I

The Milne device
N

Suppose we are using the pth order linear k-step method If Yoy Ynt1, - - Ynik—1 are error free, then
k k
Z AjlYn+j = h Zﬁjf(%ﬂ—ja yn—i—j) y(*rn—l—k) — Yn+k = chp+1y(P+1)(xn+k> + O(hp+2) h—0
7=0 7=0

c is called the local error constant. [Proof at the back.]

How to choose h appropriately?

Consider another pth order method:

k k
> djingg =0 Bif (@ntgrints)
J=0 j=0

L L

ical Solution of Di i i —p.38/45

The Milne device

N I

If Y, Yn+1, - - -, Ynaik_1 are error free, then Then,

Y(Trak) = Yntk = Cth@/(pH)(ﬂ?nJrk) + O(hp+2) h — 0
Hence,

c is called the local error constant. [Proof at the back.]
0
Similarly,

y(xn+k:) — Untk = Ehp+1y(p+1)(xn+k) + O(hp+2) h—0

Suppose ¢ # c.

L L

Solution of D - p.39/45
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The Milne device
|

(p+1)(

Jnrk — Ynak = (¢ — )Py Tpik)

C

y(%ﬁ-k) —Yntk = (gn-i—k: - yn-i—k)

c—¢C

|
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The Milne device

Then,
?jn—l—k — Ynt+k = (C - 5>hp+1y(p+1)(xn+k)
Hence,

C

(gm-k - yn+k)

y(xn+k) — Yn+k ~ P

Define local refinement indicator:

&

kK =

c_ 5‘ |gn+k - yn+k|

ical Solution of Di

The Milne device: local refinement criteria

I

» Error control per step
Given a fixed tolerance ¢, require that

k<0

L ]
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The Milne device: local refinement criteria

# Error control per step
Given a fixed tolerance ¢, require that

k<0

# Error control unit per step
Given a fixed tolerance ¢, require that

k < hd

The Milne device: the adaptive algorithm

st B

L ]

Solution of D
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The Milne device: the adaptive algorithm

f1. Set h

2. Conpute new y

L

ical Solution of Di

The Milne device: the adaptive algorithm

T f1. Set h T

2. Conpute new y
3. I's k< hé?

L ]

The Milne device: the adaptive algorithm

f1. Set h

2. Conpute new y
3. I's K <hd?
#® NO halve h, renmesh and GOTO 2

Solution of D

il —p.42/45 Numerical Solution of Differential Equations — p.42/45

The Milne device: the adaptive algorithm

st B

2. Conmpute new y

3. Is k< hé?

® NO halve h, remesh and GOTO 2
# YES. GOTO 4

L ]
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The Milne device: the adaptive algorithm

=

Set h

Conput e new y
ls k< ho?

# NO hal ve h,
YES: GOTO 4
ls > X7

w N

remesh and GOTO 2

nal S

ical Solution of Di

The Milne device: the adaptive algorithm

T f1. Set h T

2. Conpute new y
3. I's k< hé?

# NGO hal ve h,
® YES: GOTO 4
4. Is x> Xy?

® YES. STOP

remesh and GOTO 2

L ]

The Milne device: the adaptive algorithm

Set h

Conput e new y
s k < hd?

NO hal ve h,
YES: QOTO 4
ls o> X7
YES: STOP

# NO GOro 5

renmesh and GOTO 2

o D e o X NP

Solution of D

il —p.42/45 Numerical Solution of Differential Equations — p.42/45

The Milne device: the adaptive algorithm

Set h T

Conput e new y
s k< hd?

NGO hal ve h,
YES: GOTO 4
ls x> Xy?
YES: STOP

# NO GOTO 5

5. Is k< £hs?

I

renesh and GOTO 2

o D e o P NP

L ]
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The Milne device: the adaptive algorithm The Milne device: the adaptive algorithm

fl. Set h T f1. Set h T

2. Conpute new y 2. Conpute new y

3. I's k< ho? 3. I's k< hé?

® NO halve h, remesh and GOTO 2 ® NO halve h, remesh and GOTO 2

® YES: GOTIO 4 # YES: GOTO 4

4. Is x> Xy? 4. Is > Xy?

® YES. STOP ® YES. STOP

# NO GOTO 5 # NO GOTO 5

5. Is k< {5h6? 5. Is k< £hd?

# YES. double h, advance z, renesh, GOTO 2 ® YES:. double h, advance z, renesh, GOTO 2

#® NO advance z, GOTO 2

L L ]
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Proof Proof
f T fSince Yns Yn+1, - - - » Ynik_1 are error free, T
OkYn+k — hﬁsz<xn+ka yn+k5>
-— <« ag [Y(Tnik) = Yntk]
+ QjYntj — h ﬁ'f(anr'»ynJr') =0 g ek etk

]Z:; ’ ’ jZ:; ’ ’ ! —h By [f(xn—i—k» y(xn—i—k)) - f(xn—Hm yn—l—k)] =BhT,

By the definition of the truncation error 7,,, and writing
k
B = ijo B g [Y(Tntk) = Yn-ti]
0
k(i) — MBS (Tntks Y(Tnrr)) —hﬁka—z(ﬂfmk, Mn+k) [Y(@ntk) — Ynti] = BRI,

k—1 k—1
+ Z ajy(xnﬂ') - hZﬁjf(xn—i—j; y($n+j)) =BhT,
j=0 j=0

L J L [O‘k’ o hﬁk%@nﬂw Mtk) | (Y(@ntk) = Ynik) = BRI, J

Solution of D — p.43/45 Numerical Solution of Differential Equations — p.44/45




Proof
As h — 0,

0
o — hﬁka—zjj(%m Nntk) — Qg 70

Therefore,
Y(Tpik) — Yntk = Const. A T,
Recalling that

Ty, = Const.hPy P+ (2, 1) + O(RPH)
we deduce the desired result. o

ical Solution of Di
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