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✷✵✶✺✳ ♠á❥✉s ✷✷✳

❑♦♠♣❧❡① s③á♠♦❦✱ ✐s♠ét❧és

✺✳✶✳ i3/4 = cos

(

3π
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4
2π

)

+ i sin

(

3π

8
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k

4
2π

)

, k = 0, 1, 2, 3.

✺✳✷✳ e1−iπ/4 = e ·
√
2

2
(1− i).

✺✳✸ −2 + 2i✳

✺✳✹ −1 + i✳

✺✳✺ −1 + 5i✳
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✺✳✼
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(−1 + 3i)✳
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❑♦♠♣❧❡① ❢ü❣❣✈é♥②❡❦ ért❡❧♠❡③és❡

✺✳✾✳ {f(z) = w : |w| = 2}✳

✺✳✶✵✳ {f(z) = w : Im(w) < 0}✳

✺✳✶✶✳ {f(z) = w : Im(w) > Re(w)}✳

✺✳✶✷✳ {f(z) = w : −1 < Re(w) < 1, Im(z) > 0}✳

✺✳✶✸✳ ❆ t❛rt♦♠á♥② ❤❛tár❛ ❛ ❦♦♠♣❧❡① ❡❣②sé❣❦ör✱ ❡♥♥❡❦ ♥é③③ü❦ ♠❡❣ ❛ ❦é♣ét✳ ❆③ f(z) ❢ü❣❣✈é♥②
z✲t ❡❧ös③ör ♠❡❣s③♦r♦③③❛ −i✲✈❡❧✱ ♠❛❥❞ ❤♦③③á❛❞ −1✲t✳

✶



✶✳ ❧é♣és✿ −i✲✈❡❧ ✈❛❧ó s③♦r③ás ❡❣② ❦♦♠♣❧❡① s③á♠ ❤♦ss③át ♥❡♠ ✈át♦③t❛t❥❛ ♠❡❣✱ és ❡❧❢♦r❣❛t❥❛
−π/2 s③ö❣❣❡❧✳ ❊③ért ❛③ ❡❣②s✁❣❦ör ❦é♣❡ −i✲✈❡❧ ✈❛❧ó s③♦r③ás ✉tá♥ ö♥♠❛❣❛ ♠❛r❛❞✳

✷✳ ❧é♣és✿ −1✲t ❤♦③③á ❛❞✈❛ ❛③ ♦r✐❣ó ❦ö③❡♣➯ ❡❣②sé❣❦ör ❛ z0 = −1 ❦örü❧✐ ❡❣②sé❣❦ör❜❡ ♠❡❣② át✳

❆ ♠❡❣❛❞♦tt t❛rt♦♠á♥② ❦é♣❡ t❡❤át {f(z) = w : |w + 1| < 1}✳

✺✳✶✹✳ ❆ t❛rt♦♠á♥② ❤❛tár❛ ❛ ❦♦♠♣❧❡① ❡❣②sé❣❦ör✳ ❊♥♥❡❦ ♠✐♥❞❡♥ ♣♦♥t❥át ✉❣②❛♥❛③③❛❧ ❛ s③á♠✲
♠❛❧✱ z0 = (−1 + i)✲✈❡❧ s③♦r♦③③✉❦✳ |z0| =

√
2✱ ❡③ért

√
2✲s③❡r❡sér❡ ♥➤ ❛ s③á♠♦❦ ❛❜s③♦❧út

érté❦❡✳ ❮❣② ❡❣② ♦r✐❣ó ❦örü❧✐ ❦ör ❦é♣❡ ö♥♠❛❣❛ ♠❛r❛❞✳ ❊③ért ❛ ♠❡❣❛❞♦tt t❛rt♦♠á♥② ❦é♣❡✿
{f(z) = w : |w| >

√
2}✳

✺✳✶✺✳ {f(z) = w : Re(w) > 0}✳

✺✳✶✻✳ ❆ ♠❡❣❛❞♦tt t❛rt♦♠á♥② ❦é♣❡ ❛ w0 =
1

2
❦örü❧✐✱

1

2
s✉❣❛rú ❦ör ❜❡❧s❡❥é♥❡❦ ❛③ ❛ ❢❡❧❡✱ ❛❤♦❧

{Im(w) < 0}✳ ❑♦♠♣❛❦t ❛❧❛❦❜❛♥✿

{f(z) = w : |w − 1

2
| < 1

2
, Im(w) < 0}.

✺✳✶✼✳ ❆ ❤❛tár♦♥ z = x+ ic✱ ❡♥♥❡❦ ❦é♣❡✿

f(x+ ic) =
1

x+ ic
=

x

x2 + c2
− i

c

x2 + c2
= w.

❇❡❧át❤❛tó✱ ❤♦❣② ❡③ ❡❣② ❦ör✱ és♣❡❞✐❣✿
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❊③ért ❛ ♠❡❣❛❞♦tt t❛rt♦♠á♥② ❦é♣❡✿
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❑♦♠♣❧❡① ❢ü❣❣✈é♥②❡❦ ❞✐✛❡r❡♥❝✐á❧❤❛tósá❣❛

✺✳✶✽✳ ❆ ❢ü❣❣✈é♥② ❛③ ❡❣és③ s③á♠sí❦♦♥ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳ f(z) = −iz3✳

✺✳✶✾✳ ❆ ❢ü❣❣✈é♥② ❛ z = 0 ❦✐✈ét❡❧é✈❡❧ ♠✐♥❞❡♥ütt ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✵✳ ❆ ❢ü❣❣✈é♥② ❛ z = 0 ❦✐✈ét❡❧é✈❡❧ ♠✐♥❞❡♥ütt ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✶✳ ❆ ❢ü❣❣✈é♥② s❡❤♦❧ s❡♠ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✷✳ ❆ ❢ü❣❣✈é♥② ❞✐✛❡r❡♥❝✐á❧❤❛tó✳



✺✳✷✸✳ ❆ ❢ü❣❣✈é♥② ❝s❛❦ ❛ z = 0 ♣♦♥t❜❛♥ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✹✳ ❆ ❢ü❣❣✈é♥② ♥❡♠ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✺✳ ❆ ❢ü❣❣✈é♥② ♥❡♠ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳ f(z) = ez✳

✺✳✷✻✳ ❆ ❢ü❣❣✈é♥② ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✼✳ ❆ ❢ü❣❣✈é♥② ❝s❛❦ ❛ z = i ♣♦♥t❜❛♥ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✽✳ ❆ ❢ü❣❣✈é♥② ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

✺✳✷✾✳ ❆ ❢ü❣❣✈é♥② ♥❡♠ ❞✐✛❡r❡♥❝✐á❧❤❛tó✳

❍❛r♠♦♥✐❦✉s ❢ü❣❣✈é♥②❡❦

✺✳✸✵✳ ❍❛r♠♦♥✐❦✉s✱ ❤❛r♠♦♥✐❦✉s társ❛ v(x, y) = x2 − (1− y)2.

✺✳✸✶✳ ❍❛r♠♦♥✐❦✉s✱ ❤❛r♠♦♥✐❦✉s társ❛ v(x, y) = 2y − 3x2y + y3.

✺✳✸✷✳ ❍❛r♠♦♥✐❦✉s✱ ❤❛r♠♦♥✐❦✉s társ❛ v(x, y) = −ch (x) · cos(y).

✺✳✸✸✳ ❍❛r♠♦♥✐❦✉s✱ ❤❛r♠♦♥✐❦✉s társ❛ u(x, y) = ex · cos(y).

✺✳✸✹✳ ❍❛r♠♦♥✐❦✉s✱ ❤❛r♠♦♥✐❦✉s társ❛ u(x, y) = cos(x) · ch (y).

✺✳✸✺✳ C = 1✱ ❡❦❦♦r ❤❛r♠♦♥✐❦✉s társ❛ v(x, y) = −2xy + 2x✳

✺✳✸✻✳ C = 3✳ ❆ ❞❡r✐✈á❧t f ′(z) = 6xy − i(3x2 − 3y2)✳ ❆ z0 = 1 + i ♣♦♥t❜❛♥ f ′(z0) = 6✳

✺✳✸✼✳ f ′(z) = −ch (x) sin(y) + sh (x) cos(y)✳ ❆ z0 = i ♣♦♥t❜❛♥ f ′(z0) = sin(1)✳

✺✳✸✽✳ f ′(z0) = i✳

✺✳✸✾✳ C = 1✳ ❆ ❞❡r✐✈á❧t f ′(z) =
2x

x2 + y2
− i

2y

x2 + y2
✳ ❆ z0 = i ♣♦♥t❜❛♥ f ′(i) = −2✳

❑♦♠♣❧❡① ✈♦♥❛❧✐♥t❡❣rá❧

✺✳✹✵✳ ◆❡✇t♦♥✲▲❡✐❜♥✐③ ❢♦r♠✉❧át ❤❛s③♥á❧✈❛✿

∫

Γ

(z2 + 1) dz =

[

z3

3
+ z

]1+i

0

=
(1 + i)3

3
+ (1 + i) =

1 + 5i

3
.

✺✳✹✶✳

f(z) =
z + 2

z
= 1 +

2

z
, z(ϕ) = 2eiϕ, z′(ϕ) = 2ieiϕ1 ≤ ϕ ≤ π



✶✳
∫ π

0

(

1 +
2

2eiϕ

)

2ieiϕdϕ = 2i

∫ π

0

(

eiϕ + 1
)

dϕ = 2i

[

eiϕ

i
+ ϕ

]π

0

=

= 2

[

eiϕ + iϕ

]π

0

=

= 2 (cos π + i sin π + iπ − 1) =

= 2iπ − 4.

✷✳

2i

∫

−π

0

(

eiϕ + 1
)

dϕ = 2i

[

eiϕ

i
+ ϕ

]

−π

0

= 2
[

eiϕ + iϕ
]

−π

0
=

= 2[cos(−π)− iπ + i sin(−π)− 1] = −4− 2iπ

✸✳ 4iπ✳

✺✳✹✷✳ ❆ ❣ör❜❡ ♣❛r❛♠ét❡r❡③és❡✿ Γ = {z(t) = eit + 1, 0 ≤ ϕ ≤ π}✳
❆ ❢ü❣❣✈é♥② f(z) = z − 1✳ ❇❡❤❡❧②❡tt❡sítés❦♦r z′(t) = ieit✱ í❣② ❛③ ✐♥t❡❣rá❧✿

∫

Γ

f(z)dz =

∫ π

0

(

eit + 1− 1
)

ieit dt = i

[

e2it

2i

]π

0

= 0.

✺✳✹✸✳ 0✳

✺✳✹✹✳ (a) ❆ ③árt ❣ör❜❡ ♠❡❣❦❡rü❧✐ ❛ z0 = 1 ❦♦♠♣❧❡① s③á♠♦t✳ ❈❛✉❝❤② ❢♦r♠✉❧át ❛❧❦❛❧♠❛③✈❛ ❛③
f(z) = ez ❛♥❛❧✐t✐❦✉s ❢ü❣❣✈é♥②r❡ z0 = 1 ✈á❧❛s③táss❛❧✿

1

2πi

∮

Γ

ez

z − 1
dz = e1,

❡③ért ❛③ ✐♥t❡❣rá❧ érté❦❡ e1 · 2πi✳

✺✳✹✺✳ 1 + e✳

❊❧❡♠✐ ❢ü❣❣✈é♥②❡❦ ❦✐t❡r❥❡s③tés❡

✺✳✹✻✳ ln(2) + i(
π

4
+ 2kπ)✱ k = 0,±1,±2, . . .

✺✳✹✼✳
1

2
ln(2) + i(

π

4
+ 2kπ)✱ k = 0,±1,±2, . . .

✺✳✹✽✳ ln(−i) = i
(

3π
2
+ 2kπ

)

✱ k = 0,±1,±2, . . .

✺✳✹✾✳ e−π/3+2kπ(cos(ln(2)) + i sin(ln(2))), k = 0,±1,±2, . . .

✺✳✺✵✳ 2(cos(ln(2)) + i cos(ln(2)) + i sin(ln(2)))✱ k = 0,±1,±2, . . .

✺✳✺✶✳ 2(cos(ln(2)) + i cos(ln(2))− i sin(ln(2)))✱ k = 0,±1,±2, . . .

✺✳✺✷✳ (2k + 1)πi✱ k = 0,±1,±2, . . .


