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1. Mathematical summary

1.1. Abelian group

1. Group (H,+) —set H, and an operation defined on H: +

closure — for any a and b in H their ,sum” a + b is also an element of H

commutativity - Va,b€e H a+b=b+a
associativity — Va,b,c€ H (a+b)+c=a+ (b+¢)
there is an identity element - 30 € H Va e H a+0=a

for any element there exists an inverse element —-Va € H 3a~' € H a+a '=0
2. Field K = (H,+,-) — set H and to operations (additive) + and multiplicative -
e (H,+) Abelian group
e (H\{0},-) Abelian group
e multiplication is distributive with respect to addition — Va,b,c € H a-(b+c¢)=a-b+a-c
3. Vector space V defined on a field K
(a) (V,+) is an Abelian group
(b) Multiplication with a scalar K xV -V —ac K,veV, a-veV
e VveVandVa,f e K (a+f) - v=a-v+5-v
e VuveVandVae K a-(u+v)=a-ut+a-v
eVveVandVa,fe K (a-Blv=a- (6 v)
e 1-v =v, where 1 € K the identity element for multiplication

Examples for vector spaces:

defined on a finite field K = {0, 1} with two elements
VA, Be H: A+ B=(A\B)U(B\A)and0-A=0,1-A=A



1.2 Homogeneous linear transformation 1 MATHEMATICAL SUMMARY

1.2. Homogeneous linear transformation

V and W vector space defined on field K
In case of A:V — W linear transformation, ha Va,y € V and a € K

o Az +y)=A(z) + A(y) (linearity)
e Ala-x) =a- A(x) (homogeneity)

Examples for linear transformations
e identity transformation

e differentiation

e counter-example: B: R — R, B(z) = 2

1.2.1. Matrix of a linear transformation

Given a linear transformation A : V' — W. We say that A is a matrix of A (for a fixed coordinates
system for vector spaces V and W) if Alv)=A-v YveV

Let [v] = [v1,..,v,] denote a fixed basis of vector space V, and [w] = [w1, .., w,,| denote a fixed basis of
vector space W, such that A(v;) = w;. Then the columns of matrix A are the coordinate matrices of w;
(column vectors).

1.3. Image and kernel of a linear transformation
A:V — W is a linear mapping

e its image is: Im(A) = {w e W | Iv e V A(v) = w}
o its kernel is: Ker(A) = {v eV | A(v) = 0}

( Example 1. Calculation of the kernel and image of a linear mapping

Let A :R? — R3 be a linear mapping, which, in the canonical basis, is given by matrix A. Determine
the image and the kernel space of A. First of all, we solve the linear equation system Az = 0.
1 2-1 1 2-1 12 —1 12 —1 101
A=(23—1), Aw=0—><23—1‘8)~<0—11‘8)~<0—11‘8>~<0—11‘8) (1)
=i 1 =% -11-210 03 —310 00 010 000I0

[\ /

Gauss elimination is necessary for determining both the image and kernel space of a matrix

—Z

We obtained that z1 = —x3 and z9 = x3, therefore, any x = < ﬁa) = x3 ( _%1> will satisfy the linear
equation system Ax = 0, for all x5 € R.
- the image space is spanned by the linearly independent columns of matrix A
- the kernel space is spanned by the linearly independent nontrivial solutions of equation system
Az = 0.

Az; =0, Vi = 1,7, where r = dim(Ker(A))

-
U:Zcixizo & ¢=0Vi=1r
i=1

) =4, (1)) = fo(4) #5(3) o9 5 g
i) s (1)) = o (7 o<} 2
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1.4 Determinant and rank of a matrix 1 MATHEMATICAL SUMMARY

(Theorem 1. Dimension theorem ]

LFor an arbitrary linear mapping A : V — W: dim(Ker(A)) + dim(Im(.A)) = dim(V) J

Example 2. (General solution of a linear transformation) Determine the general solution of a system of
linear equations Ax = b.

First of all, we compute the general solution of the Homogeneous equation Az = 0:

k

Th € {Z ov; | a; €ER, v; €R™, i = 1,/{:} = span(vy, .., v;) = Ker(.A) (5)
i=1

Then we need to find a special solution @ ;;, for the inhomogeneous equation Ax = b. Finally, the the

sum of the two will give the general solution of the inhomogeneous equation:

k
T;p € {wwh + Za,;vi o eR, v, eR”, = l,k} =: 7w, + Ker(A)” (6)

i=1

Matlab 1. null, orth, rank )

The kernel (or null) space of a linear transformation given by its matrix A can be computed in Matlab
as follows:

>A=[12-1;23-1;-11-21;
>> null(A)
ans =
-0.5774
0.5774
0.5774

The image space can also be computed by function orth, but note, that Matlab gives an orthonormal
basis for the image space, therefore, in general, it gives other vectors compared to those computed by
hand.

>> orth(A)

ans =
-0.5345 -0.0000
-0.8018 0.3162
-0.2673 -0.9487

You can check that the two vectors are indeed orthogonal.
Due to the fact that A : R? — R3 is a linear mapping into the same space, Ker(A) @ Im(A) = R3. In
Matlab we can check this as follows:

>> rank([null(A) orth(A)])
ans = 3

1.4. Determinant and rank of a matrix

Theorem 2. (Minor expansion theorem) The determinant of a matrix A can be computed as the sum of
an elements of a row or column multiplied by the corresponding signed minor determinant. Expansion

of det(A) along the ith row: det(A) = Y a;j - (—1)" - D;;
j=1

where a;; denotes an element of A in the ith row and jth column, and D;; is the corresponding minor
determinant, the sign of the minors varies as the black and white colors on the chess table: (—1)*7.

a b ¢ O 0o 0o O 0o 0o O 0o 0o f i f d
Al=1|d e fl=alO e f|l-bld O f|l+cld e O :aZ.—b‘ .—l—c‘ Z
g h i O h 1 g O 1 g h O ! g ¢ g
Source: Wikipedia.org, see also Wolfram.com =aei+bfg+ cdh — ceg — bdi — afh.

version: 2018.10.02. — 10:51:55 3 Lecture 1


https://en.wikipedia.org/wiki/Determinant
http://mathworld.wolfram.com/DeterminantExpansionbyMinors.html

1.5 DMatrix inversion 1 MATHEMATICAL SUMMARY

Sarrus rule: a fast method the compute a 3 x 3 determinant
+ + +

det(A) = ar1a22a33 + a12a23a31 + 13021032 — A13022031 — Q11023032 — 112021033

The column rank of a matrix gives the number of linearly independent columns of the matrix. The
row rank of a matrix gives the number of linearly independent rows of the matrix.

e For any matrix, the two types of ranks are always the same and it gives the dimension of the larges
nonzero minor determinant of the same matrix. We denote it as: rank(A).

e Matrix A is called full-rank if its rank is rank(A) = min(nr. of rows, nr. of columns).

e A square matrix A is called full-rank if its determinant is nonzero.

1.5. Matrix inversion

Matrix A € T"*" is invertible <  det(A) #0

Matrix inversion by using the adjugate matrix adj(A): A=! = madj(/l).

In A € R%*2 cage:

a b _ 1 . 1 d —b
A= ATl = adj(A) = (7)
c d det(A) ad —bc \—c «a
In A € R3*3 case:
T
a a a a a a
ailp a2 ais . 1 +| agg agg | _‘ agi agg + agi agg
_ —1 __ al12 ais ail ais all ai2
A= a2 a2 a3 AT = det(A) _| a32 a33 +| a31 a3z | T |a31 az2 (8)
a a a a a a
azy asz2 ass +1ass ass | —last ass | +ladi ass

Example 3. (Determine the inverse of the following matrix)

A:(_12 g) det(A) = 4 adjm):(;’ _12> A_1:<0(.)5 E(;g)

1.6. Eigen values and eigen vectors (eigen value/spectral decomposition)

A:V =V (Vegy K test feletti vektortér) linearis leképezés
sajatvektora az @ € V, & # 0 vektor, ha IN e K A(x)=\-x
Ekkor az @ vektort az A leképezés A sajatértékhez tartozo sajatvektoranak nevezziik.

A sajatértékek a leképezés matrixabol szamolhatok. Nem szamit, hogy milyen bazisokra vonatkozoan van
felirva a matrix, a sajatértékek mindig ugyanazok lesznek, mivel a sajatérték a leképezés tulajdonsiga.
A sajatvektorok is ugyanazok lesznek, azonban a kiinduléasi tér bazisiban koordinatézva kapjuk ezeket.

Az=X Xz — Xx—-Axz=0 — A\ -Azxz=0

Ez egy homogén linearis egyenletrendszer, melynek az & # 0 vektor a megoldédsa, tehat létezik nem
trivialis megoldas, mely azzal ekvivalens, hogy az egylitthatomatrix oszlopai linearisan Osszefliggéek,
vagyis a determinansa nulla.
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1.7 Basis transformation, diagonalization 1 MATHEMATICAL SUMMARY

Figyelem! A karakterisztikus polinom a Lineéaris algebra targybol tanult alaktol eltérd, azonban azzal
abszolutértékben megegyezs, ezért azonos A értékek esetén nulla. A most hasznélt alaknél az A méatrixhoz
képest a determinédnsban nem csak a f6atlobeli elemek valtoznak, hanem a féatlobeli elemek is, a (—1)-
szeresiikre.

e Characteristic polynomial: det(\] — A)
o A sajatértékek a karakterisztikus egyenlet gyokei: det(Al — A) =0

e A sajatvektorok a (A — A)x = O linearis egyenletrendszer megoldasai a megfelels A\ értékekre
kiilon-kiilon szamolva

( Example 4.

Determine the eigen values and eigen vector of the following matrix!

A:(é _03) det</\-<(1) (1])—@ _03)):‘A__21 AE)r?)'=(A—1)(A+3) (9)

Eigen values: \; =1, Ay = —3

Eigen vector(s) for A\ = 1:

0 0
-2 14

Eigen vector(s) for Ay = —3

0

0) - 2r4+4y=0 — y=z/2 — v1:(1}2)'p p € R\ {0}

4 00 0
(_2 00) - 4dr=-2z=0 —- =z=0 — ’U2—(1>‘q g € R\ {0}

& J

[ Theorem 3. Cayley-Hamilton )

Every matrix satisfies its own characteristic equation In the special case, when A € R?X2:

Characteristic (polynomial) equation: A% + Atr(A) + det(A) =0 (10)
According to this theorem we have: A% 4+ Atr(A) + Idet(A) =0 (11)
( Example 5. Cayley-Hamilton )

Legyen adott a kovetkez6 méatrix:
’/\ -1 -2

12
A:(s 4) -3 A—4

5 4o 7 (T 10y (5 10y (2 0\ _ (0 0
AT =54 21_(15 22) (15 20) <0 2)‘(0 0) (13)

1.7. Basis transformation, diagonalization

‘:(A—l)()\—4)—6=>\2—5)\—2 (12)

Egy vektortérben az éppen tekintett bazis hatarozza meg a vektorok koordinatamaétrixat, ettsl azonban
néha el kell térni. Ez egy linearis leképezés alkalmazasaval valosithatd meg, melynek matrixat agy kapjuk,
hogy a matrix oszlopaiba irjuk az 1j bazisvektorokat a régi bazis szerinti koordinatazva, majd a kapott
méatrixon invertaljuk. A maétrix, és ezaltal a leképezés mindig invertalhato, mivel bazist béazisba visz,
melyeknek vektorai linearisan fiiggetlenek. Jelolje egy @ € V' vector [e] bazis szerinti koordinata matrixat
T, egy Uj [v] bazis szerinti koordindtamaétrixat pedig xp,). Legyen S matrix, melynek oszlopaiban az 1j
bézisvektorok talalhatok S = ['vl, vy 'vn]. Pontosabban fogalmazva, az S matrix oszlopai az 4 bazisvek-
torok [e] bazisban felirt koordinata matrixai legyenek: S = [vl[e}, ...,vn[e]]. Ekkor
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1.7 Basis transformation, diagonalization 1 MATHEMATICAL SUMMARY

S7heag =ap S-ap =2y

Tehat az S matrix altal leirt leképezés valojaban az 1j bazisra vonatkozé koordinatazést a régire transz-
formélja, és az S~! méatrix transzformal az 1j bazisba.

Example 6. (Basis transformations) This will be important at state-space transformations

We consider two vector spaces V = W (for simplicity let be both R?), and let be the following vectors
in R? (their coordinates matrices being given in the canonical basis [e] = [e1, e2] = [4, 5] of R?):

ea=(p) ce=(}) co=(7) w=(3) w=(}) cw=(2)
g g g g g g

[e] = [e1,e3] is the canonical basis of V = W = R? Furthermore, we consider [v] = [v1,v3] and
[w] = [w1,w2] be an alternative basis of vector spaces V' and W, which are not canonical. Now we
consider a linear mapping A : V — W, If we use on both sides (V' and W) the canonical basis, this

mapping can be given by matrix A: (V] 4, Wie):

0 -1
ae (0 7) -
In the starting vector space (V, from which 4 maps), we want to switch from the canonical basis [e]
to basis [v], similarly, in the image space (W, into which A maps), we want to switch to basis [w]. We

wonder, what would be the matrix of the linear mapping A, which maps from V},j into V},. First, let
us define the following matrices:

S=(v1 w2) = (v1g v2[e1)=<$ _01>’ 5_1=<_01 (1)> (16)
Ti= (w1 wz) = (wig wz[e})—G _21) Tl_i(} _21) (17)

this is the correct prescription

then we have that
v;=0Se; and e; =S lv;. (18)

The same is true for [w], as well.
Let be @ be a point in vector space V. The coordinate matrix of  in the canonical basis [e] is (3), in

other words:
3 3
z=3e = (e1 e) <0> = <0> (19)
[e]

Now, we want to compute the coordinate matrix of & in basis [v
3 3
B = (61 e2) <O) = (S‘lfvl S~ 1, ( > S~ 1 '02) <O>
_ 3 1 (3 3
=571s (0> = 85— (0> =(v1 v2) 57! <0) (20)
- (’u v ) 0 1\ /3 0
— U TR -1 0/ \o -3 .

What is important that we have a linear mapping: A :V — W, A(x) = y, furthermore

T =Sz Yo = Ty x=(e1 ez) -z =(v1 v2) zp

L S (21)
2oy =Sz Y =T My y=(er ) -y = (w1 w2)- Y

The coordinates matrices (), T(y], Y] and Y[, are intentionally NOT denoted as vectors, since they
depend on the choice of the basis vectors (i.e. coordinates system). On the other hand, vectors & and
y are two well-defined elements of V' and W (eg. @« is the left upper corner of the blackboard), which
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1.8 Quadratic forms 1 MATHEMATICAL SUMMARY

are independent of the choice of the coordinates system.
Vg = Wy
Ye) = Azfe) ;
.A(w):y< A st © 11t = (A=1"'4s (22)
w] = ALy
Yiw] [v] Vig = Wy
A
Yw) = ALL‘[v] =774 S:E[v] =7! Al‘[e] = T_ly[e] = Y] (23)
—— ~——
Zle] Yle)

Egy A : V — V linearis transzformacié matrixa diagonéalis, ha a sajatvektorok bézisara vonatkozoan
frjuk fel. A sajatvektorok azonban nem minden esetben alkotnak bazist, ezért nem minden leképezés
irhat6 le diagonalis matrixszal.

Egy linearis leképezés méatrixa diagonalizilhaté akkor és csak akkor, ha minden sajatértékére annak
algebrai és geometriai multiplicitasa megegyezik.
e egy )\ sajatérték algebrai multiplicitasa k, ha A k-szoros gyoke a karakterisztikus polinomnak.

e egy )\ sajatérték geometriai multiplicitasa k, ha a A\-hoz tartozo sajataltér (A-hoz tartozo sajatvek-
torok altal alkotott altér) k dimenzios.

0 -3 -3
Example 74A=| -3 0 -3 — A2=3, \3=—6
-3, =3 0

A 3 sajatérték algebrai multiplicitasa tehat 2, a 6 sajatértékeé 1.

-1 —1
A1,2 = 3 sajatértékhez tartozo sajatvektorok: vy = | 1 | -p, va=1| 0 | -¢ p,g € R\ {0}
0 1
1
A3 = —6 sajatértékhez tartozo sajatvektorok: vg= (1] -r r e R\ {0}
1

A 3 sajatérték geometriai multiplicitasa tehat 2, a 6 sajatértéké 1, mindkét sajatértékre a multiplicitasok
paronként megegyeznek, ezért a matrix diagonalizalhat6. Ha a sajatvektorokat oszlopaiban tartalmazé
métrix S, akkor a leképezés diagonélis matrixa

D=S1.4.8 - A=S5.-D.5!

-1 -1 1 -1 2 -1 30 0
S=|11 0 1] St=3-|-1 -1 2 - D=(03 0
0 1 1 1 1 1 00 —6

1.8. Quadratic forms

A kvadratikus alakok Q(x) : V' — T alaku leképezések, ahol V egy T test feletti vektortér. Mi specialisan
Q(x) : R® — R leképezésekkel foglalkozunk. Altalanos alakja:

7

Qz1,...,2n) = D aijzx;

i,j=1
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1.8 Quadratic forms 1 MATHEMATICAL SUMMARY

A kvadratikus alak felirhaté matrixszorzat alakban is, ahol a;; = A;; a matrix megfelelS elemei. A méat-
rixszorzas definici6jabol addédoan ez skalarszorzat alakban is irhato.

Q(x) = 2T Ax = (Azx, x)

A kvadratikus alakhoz tartozé matrix nem egyértelmd. A f6atlobeli elemek egyértelmiek, ezek az z7
alakt tagok egyiitthatoi, azon kiviil azonban csak az a;; + a;; Osszegek ismertek (i # j).

Példa:

Q(x) = 322 + 4x129 — 73 kvadratikus alak tobbféle métrixszal lefrhato

3 4 3 2
(o 5) 4= 2)
A szimmetrikus matrix egyértelmten tartozik a kvadratikus alakhoz, ezért ezt nevezziik a kvadratikus
alak méatrixdnak (a példaban As matrix).

Egy kvadratikus alak egy vektorhoz egy valds szdmot rendel. Ennek lehetséges elGjele alapjan osztéilyoz-
zuk a kvadratikus alakokat, illetve ezzel ekvivalensen a szimmetrikus méatrixokat. (Késébb ezt sokszor
fogjuk hasznélni stabilitasi vizsgalatok soran.)

A Q(x) kvadratikus alak, illetve az ezt leird A szimmetrikus métrix

e pozitiv definit, ha (Az,z) >0 Ve e R"\ {0}
Megjegyzés: minden kvadratikus alak a nullvektor esetén nulla értéket vesz fel, (A -0,0) =0

e pozitiv szemidefinit, ha (Az,x) >0 VYV ecR"
és Jy # 0, hogy (Ay,y) =0

e negativ definit, ha (Az,x) <0 Va e R"\ {0}
e negativ szemidefinit, ha (Az,z) <0 Vz € R" és Jy # 0, hogy (Ay,y) =0

e indefinit, ha pozitiv és negativ értékeket egyarant felvesz a kvadratikus alak.

A kvadratikus alakhoz tartozdé A szimmetrikus matrix A; sajatértékei valosak, melyekkel a fentiekkel
ekvivalens feltételek fogalmazhatok meg. A Q(x) kvadratikus alak

e pozitiv definit < Vi A\ >0

e pozitiv szemidefinit << Vi A >0¢é 35 A\; =0

e negativ definit < Vi A <0

e negativ szemidefinit <& Vi A\, <0ésdj A =0

e indefinit <« Ji A >0és35 )2 <0
A kvadratikus alakot leir6 maétrix is diagonalizalhato. Mivel egy szimmetrikus méatrix kiilonbo6zé sajatér-
tékeihez tartozo sajatvektorok ortogonalisak, ha diagonalizalhato, akkor ortonormaélt sajatbézis szerint is
diagonalizalhat6. Amennyiben valamelyik sajatérték geometriai multiplicitasa nem 1, és a szamolas soran
nem ortogonélis sajatvektorokat kaptunk, akkor valamilyen ortogonalizacios eljarassal (pl. Gram-Schmidt

ortogonalizacio) elérhetd, hogy a sajatalteret ortogonalis vektorok generéaljak. Emellett a vektorokat min-
den esetben normélni kell.
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1.9 Matrix calculus 1 MATHEMATICAL SUMMARY

Ekkor ha S az ortonormalt bazis vektorait tartalmazé matrix, akkor S—1 = ST
A=S-D-S7!

2l A x=2"-S-D- St x=(x"-(ST).-D- (7' z)= (ST -x)T-D(-S7! - x)
y=Stl.a=5T.2 — T - A-xz=y" Dy

1.9. Matrix calculus
Az exponencialis fiiggvény (exp(z) = e”) az alabbi hatvanysorral definialhato.
e’ = Z o (Taylor sorfejtés)
k=0

Elképzelhetd, hogy egy fix paramétere is van a fiiggvénynek, példaul: a € R konstans, és t az id6 valtozd

242 X kyik
a“t a”t
et =1+at+-—+.=Y ——
2 k!
k=0
Az exponencialis fiiggvényt kiterjeszthetjiik matrixokra (méatrix exponencialis),
ekkor exp : R"*" — R™"*".

A2t2 A3 . Aktk
At —
e _I+At+—2 +—6 +..._k§o 5

Tulajdonségok:

e ¢ = ahol 0 € R™ ™ nullméatrix

e Ha AB = BA akkor ee = e4tB. Altalaban nem igaz a képlet, mivel a matrix szorzas nem
kommutativ.

o cle A =T

eAteAs — ¢A(t+s) ahol A € R™™, ¢, s € R

At As o0 Aktk o0 Aksk
k! k!
k=0 k=0
A2 A3 A%s? A33
= [+At+—+—+..){I+ A
(+t+2+6—|—)(+s+2+6
1 1
= I+A(t+s)+§A2(t2+2t5+s2)+8A3(t3+3t52+3t25+s3)+...

_ 15 9 1 .4 3 _OoAk(t—i—s)k
_ I+A(t+s)+§A (t+s) +8A (t+s) +,_,_kzzok!

+.) =

Aktk—l

1
At — 2 1 43,2
—(e™) A+At+2At +"'+(k—1)!

1 1
= A(I + At+ 5A?th +.) =T+ At + 5A2t2 +..)A
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1.10 LDE

0 1 0 0
Example 8.A—<0 0) B_<1 O)

A A2 o o 1 1
A=T+A+4 +. . =1+A= (0 1)

1 MATHEMATICAL SUMMARY

eB:I+B+]§!2+...:I+B:G

2 1 1 1
A_B _ B,A _
ee_(l 1) ee_(l 2)
01 1 0 01
A+B _ 1 s
= (§ o)+ (o 1) A+ (o)

- (3 )

to=l-(I+&+L+.0+ Q+4+5+.0)=

~

( Proposition 4. tetszoleges diagonalizalhaté matrix exponencialis fliggvénye
eM
A=SDS' = et =8ePS7! = Sexp s~ = Sdiag<eh, e*”)S*1 (24)
et
L J
Proof (inkabb csak levezetés).
M
AF = spkg—l  pk— = diag(\}, .., AF) (25)
A
Teljes indukcio:
AR = AF1A = (SDFLSTY) (SDSTY) = SDkS ! (26)

Ekkor a kovetkezdket csindlhatjuk:

[ee] Ak. oo Dk B ) o0 o B ) B
A=Y =8y s = Sdlag<ZA’f, ..,ZAQ)S L Sdmg(e)‘l,..,e)‘")S L 27
k=0 k=0

k=0 k=0
Tehat, valoban ed = SePs—1 O
s ™
Matlab 2. Matrixexponencialis kiszamitasa — diagonalizacio (A = SDS™1) eig,expm,diag
>> A = rand(3,3) D = >> S * expm(D) / S
A= -0.1879 0 0 ans =
0.8147  0.9134  0.2785 0 1.7527 0 3.2881  2.2290  1.3802
0.9058  0.6324  0.5469 0 0  0.8399 2.2617  2.8712  1.7128
0.1270  0.0975  0.9575 0.4615  0.3910  2.7554
>> [S,D] = eig(A) >> expm(A)
S = ans = >> 8 * diag(exp(diag(D))) / S
0.6752 -0.7134  -0.5420 3.2881  2.2290  1.3802 ans =
-0.7375  -0.6727  -0.2587 2.2617  2.8712  1.7128 (... ugyanaz )
-0.0120  -0.1964  0.7996 0.4615  0.3910  2.7554
\

1.10. Alland6 Egyiitthatos Linearis Differencialegyenletek

(A tovabbiakban a vektorértékd valtozok, fiiggvények (pl. @) nem lesznek kiemelve.)

A targy keretében féleg els6rendii linearis differencidlegyenletekkel foglalkozunk.
z(t) = Az(t) x(0) =z9 € R"

1. Ha A € R (skalaris eset), akkor a valtozok szétvalasztasanak modszerével meghatérozhato a meg-
oldas.

version: 2018.10.02. — 10:51:55 10 Lecture 1



2 ALTALANOS PELDAK SZABALYZOTT RENDSZEREKRE

Megoldas: x(t) = eAtxg, ahol zg € R skalar
2. Ha A € R™", akkor szilkséges az e/t matrix kiszamitasa.
kik
Megoldas: z(t) = ettzy eAt =332 ) At

Kozelites: T+ At + 228 4 .

Példa: Adott az alabbi csatolatlan differencidlegyenlet rendszer
i‘l = —X

fCQ = 21’2

. -1 0
Tz = Ax A—<O 2>

Mivel csak a diagonalis elemek nem nullak, a rendszer csatolatlan, ezért a valtozok szétvalasztéasanak
modszerével a differencidlegyenlet megoldhato.

Amely atirhato a kovetkezs alakra

r1(t) = cret

zo(t) = cge

ahol ¢; = 21, és ca = 9,

2. Altalanos Példak Szabalyzott Rendszerekre

r e U Yy
——(—— Controller System
Ym
Measurements

Rendszer: Olyan fizikai vagy logikai eszkoz, amely jeleken végez valamilyen miveletet. (Bemend jeleket
dolgoz fel, és kimeng jeleket allit eld.)
Példa rendszerekre, és szabélyozasra

e Auto sebessége: beavatkozas: gazpedal, érzékelés: sebességmérd, szabalyozis: humén vagy tempo-
mat

o Hiit6szekrény hémérséklet: beavatkozés: hiité6kdzeg mozgatasa - kompresszor, érzékelés: hémérs,
szabalyozas: szabalyoz6 automatika beallitott hémérséklet elérése érdekében

e Tovabbi példak talalhatoak az FSB konyv els§ fejezetében, lasd a targy honlapjan!
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Computer controlled systems

Lecture 2

version: 2018.10.02. — 10:52:09

Problem types

e Convolution of two casual signals

e Solution of initial value probles using Laplace transformation, eg. ij + ay + by = e~ 3(0), 5(0),
y(t) =7

e Partial fractional decomposition

e Determine the transfer function of § + ay + by = u(t).

e Solution of initial values problem in the state-space form using Laplace tr, eg. & = Az, x(0)
e Compute the transfer function (H(s)) of the state space model (& = Az + Bu, y = Cx)

e Solution of the state space model, given both the input and the initial values — impulse response
(h(t)), response to the unit step function

1. Causal convolution

Definition 1. A signal f(¢) is called causal if f(t < 0) = 0.

Definition 2. (Causal convolution) The convolution of two causal signals f(¢) and g(t) reduces to:

(re90= [ " fr)glt - )dr = /0 " (gt — )dr = /0 Fglt — )

2. Laplace transformation

Definition 3. The Laplace transform of a signal f(t) is denoted by F(s), s € C and it is defined as
follows:

[F<s> = 2{/(t), 5} = /0 mf(t)estdtJ (1)

Due to the fact that the integral operator is linear, the Laplace transformation is inherently linear, i.e.
it preserves the order of addition and scaling operations.

Based on the properties of the integral the laplace transform is a linear mapping.



2.1 Rules 2 LAPLACE TRANSFORMATION

2.1. Rules

1. Convolution in time domain: [2{(]‘ xg)(t),s} = F(s)G(s),J

ahol F(s) = £{f(t),s}, G(s) = £{g(t), s}, (f *g)(t) f( )g(t — 7)d7. Derivation:

L{(fxg)(t),s} = / /f g(t —7)dr e stdt = / / f(n)g(t —)e sdt dr
/ / (t—r7)e s(t=7) q¢ f(r STdT_/ /_T _S’gdﬁ f(r)e*Tdr

= | syeras / f(r)eTdr = £{1(0), 5} £{g(0), 5} @
We will deal with functions for which f(¢) = g(t) = 0 for all ¢ < 0, hence
t
/f(T) t—TdT—/ f(r)g(t — 7)dr mivel g(t — 7) = 0 barmely 7 >t (3)
0

It was also used during the above derivation (change of variables: ¢ =t — 7):
oo
/ g(t —7)e *tdt = / Je Py = / e %dY  since g(t < 0) =0 4)
0 -7

2. Time derivative:

[s{y(t), s} — sY(s) — y(O),J ahol Y (s) = £{y(t), s}. Derivation:

o0

| ot tat =y
0 0

~(=3) [ w0t = —y(0) + 52 a0, 5) (5)
3. Second derivative according to the time variable:
[S{gj(t), s} = s%Y (s) — y(0) — sy(O).] Derivation:
2{ij(t), s} = s£{3(1), 5} — §(0) = $2¥ (s) — 5y(0) — §(0) (6)

2.2. Limit theorems

1. Initial value theorem. If e=5y(t) is Lebesgue integrible on ¢t € R, then [y((]) = lim sY(s)]

S§—00

Proof. Let us take the limit of both the left and right sides of the rule of derivation s — oc:

im [ e=stynyar /O " im e~ y(t)dt = Tim (sY(s) — y(0)) = (0) = lim sY(s) (7)

§—00 0 S§—00 §—00 §—00

=0

()Due to Lebesgue’s dominated convergence theorem, since e~ (t) is (by assumption) Lebesgue
integrible on R..

s—0

2. Limit value theorem. If e~*!y(t) is Lebesgue integrible on ¢ € R, then [y(oo) = lim sY(s)]

Proof. Let us take the derivation rule

/0 T (t)etdt = s¥ (s) — y(0) (8)
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2.3 Laplace transformation of some important functions 2 LAPLACE TRANSFORMATION

and consider the limit of both sides s — 0:

lim OOO ety (t)dt & /0 h lim e~ g(t)dt = lim (sY () — (0)) (9)
dy(t) T dy(y

| vty = tim () — w00 (10)

y(00) = y(0) = lim sY(s) —y(0) = y(oo) = lims¥(s)  (11)

()Due to Lebesgue’s dominated convergence theorem, since e~*!3(t) is (by assumption) Lebesgue
integrible on R, .

Counterexample if e~ *'y(t) is not absolute integrible for all Re{s} > 0. Let y(t) = e’. Its Laplace
transformation is Y (s) = L. lim,, =% = 0, however y(t) — cc.

2.3. Laplace transformation of some important functions

. . 0 —st . 1 T _st 1 . 1 — e_ST
1. [S{é(t), s} = 1) derivation: d(t)e *dt = lim — e 'dt=-1lim —— =1

L’Hospital: s

Note that in this derivation Dirac’s function is estimated as follows:

1
— tel0,T
st) = tm 47 L€0OT)

T—0 .
0  otherwise

R Eo
2. {2{1(1&),3} = i] derivation: [;*1(t)e”*'dt = |:e,5t:|0 =0-(-1) =1,
where 1(¢) unit step function, for this the u(¢) notation is laso commonly used, but in this course
u(t) denotes the input of the system.

3. &{t-1(t),s} = % (unit step velocity function)

4. [2{6_‘”, s} = lera’ ] it is the most commonly used when trying to determine inverse Laplace trans-

formations of complex rational functions.

5. &{e t/T s} = ﬁ = H%’ it is another form of the previous case.

. . _ - _ —(s+1/T)t | T
Derivation: [;°e t/Te=stqt = J e (s+1/T)t gy [i(sH/T)}O = sﬁ/T = a7
Pole-zero from: ﬁ

. . T
Time-constant form: T3sT
6. &{1 —e ¥ s} = s(TlsT) (time-constant form)
7. £ {TliTQ (e7t/Th — g=t/T2), s} = WM (time-constant form)
8. £{e™sin(bt),s} = b
(s —a)?+b?
¢ B s—a
9. S{ea COS(bt),S} = m
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2.4 Inverse Laplace transform 2 LAPLACE TRANSFORMATION

2.4. Inverse Laplace transform

Definition 4. The inverse Laplace transformation of the complex signal F'(s) is given by the following
complex line integral:

c+3T
F(t) = £ YF(s)} = —— lim / F(s)eds (13)

27'('] T—00 C—jT

where ¢ € R is greater than the real parts of F(s)’s singularities.
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2.5 Input, system response 2 LAPLACE TRANSFORMATION

2.5. Input, system response

1. Dirac impulse

~1-05 05 1

ha0<t<r o
egyébként o(t) = Tli%h (1)

ro-{;

2. the output (response) of the system to the Dirac impulse (impulse response): h(t)
E.g.. if I strike on a trapdoor (4(t)) , then it will dampedly oscillate(h(t)).

o(t) h(t)

— > Rendszer

Convolutional time-invariance: 6(t — 1), h(t — 7).

3. The system response to u(t) (transfer function): Causal convolution

u(t) Rendszer y(t) = (uxh)(t) = /0 h(t — 7)u(r)dr

—_— .

h(t)

( Example 1.

Let us compute the convolution of f(t) =t and g(t) = t*:

(14)

tr3 4 ] b

(190 = [ =ryrtar= [ 172~ r = [

version: 2018.10.02. — 10:52:09 5 Lecture 2



3 APPLYING LAPLACE TRANSFORM TO SOLVE INITIAL VALUE PROBLEMS

3. applying laplace transform to solve initial value problems

( ~\
Example 2. Constant coefficient second order linear differential equation

Solve the following initial value problem:
§—29+5y=—-8"" y0)=2 g0)=12
One can compute the Laplace transform as follows (elementwise).
8
Lyt —28{y} +5&{y} = ——
g} —28{g}t + 58yt = -
Laplace transform in the case of derivated function: £{y} = sY(s) —y(0) = sY (s) —2. and the second
derivative: £{ij} = s*Y(s) — sy(0) — ¢(0) = s2Y (s) — 25 — 12. such a way the equation (15) has the
following form:

(15)

8

(s2Y (s) — 25 — 12) — 2(sY(s) — 2) +5Y (s) = — 1 (16)
s
expressing Y (s) we get:
2s% 4+ 10s g1
Y(s) = > y(t) =7 17
O = mrnery YW (17)
( Example 3. Partial fraction decomposition

Tel us solve the following initial value problem:
Y+T75+ 14y +8y=0 y(0)=0 ¢(0)=0 4(0)=2

The physical interpretation of initial value: nyugalomban 1évs testre hat egy gyorsulasvektor (pl.
gravitacios gyorsulas). Az el6zd feladathoz hasonldéan ha vessziik az egyenlet mindkét oldalanak The
Laplace transform is the following:

2 C C C -1

Y(s) = -4 &2 G v
(s+1)(s+2)(s+4) s+1 s+2 s+4

I fall the roots of the denominator have single multipiilicity, then the following formula can be applied:

y(t) = Cleft T 0267275 aF Cgeiélt

C; = lim (s — ;)Y (s), ahol a; az Cs gyoke

s—ay S + (%}
C1 = lim s+ )Y (s) St =
= 11m (s S)=m — | 1 = —
1= 50 (s+2)(s+4) ="' 3
2
Cy = i 2)Y(s) = —————— |s=—2 = —1
2= m (s + DY) = v g =
2 1
3= JMim s+ DY) = ey =t = 3
2 1 %
Y(s)=—2 18
&) =1t 572 T ora (18)
Tehéat a megoldas:
2 1
y(t) = ge_t —e 24 56_4t (19)
Matlab 1. Inverse Laplace transform partfrac,ilaplace,residue,poly2sym,sym2poly\

3. Continuation of the example:

¥ (s) 252 4 10s 3545 1
S) = = =
(s2—2s+5)(s+1) s2—-2s+5 s+1

By means of the symbolic toolbox:

y(t) = 3¢t (cos(Zt) + 48““(2’5)> —et

3

>> syms s

>> Y = partfrac( (2*s”2 + 10*s) / ((s+1) * (s72 - 2%s + 5)) )
Y =

(3xs + 5)/(s72 - 2xs + 5) - 1/(s + 1)
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3 APPLYING LAPLACE TRANSFORM TO SOLVE INITIAL VALUE PROBLEMS

>> ilaplace(Y)
ans =
3*exp(t)*(cos(2*t) + (4xsin(2*t))/3) - exp(-t)

by means of numerical computations:

>> Y = expand((s+1) * (s~2 - 2%s + 5))

Y =
s”3 - s72 + 3%s + 5
>> B = [2 10 0];
>> A = sym2poly(Y)
A =
1 -1 8 5

>> [r,p,k] = residue(B,A)

1.5 - 2i
1.5 + 2i
-1 +o0i
5 =
1 +2i
1 -2
-1 +o0i
k =
(]
B(s) r; 1 15-2j  1.5+2j
Y(s) = = K(s)=— 20
() A(s) z:s—pi+ () s+1+s—1—2j+s—1+2j (20)

>> Y = sum(r ./ (s - p)) + poly2sym(k)
Y =
- 1/(s + 1) + (3/2 - 2i)/(s - 1 - 2i) + (3/2 + 2i)/(s - 1 + 2i)
>> latex(Y)
ans =
- \frac{1}{s + 1} + \frac{\frac{3}{2} - 2\, \mathrm{i}}{s - 1 - 2\, \mathrm{i}} + \frac{\frac{3}{2} + 2\, [...]
>> ilaplace(Y)
ans =
- exp(-t) + exp(t*x(1 - 2i))*(3/2 + 2i) + exp(t*(1 + 2i))*(3/2 - 2i)
>> Y = simplify(Y)
ans =
(2%s*(s + 5))/(s”3 - s72 + 3xs + 5)
>> ilaplace(Y)
ans =
3*exp(t)*(cos(2*t) + (4xsin(2*t))/3) - exp(-t)

. . 4 sin(2t
y(t) — _e—t + et(1—2j) (; L 2]) et(l-‘r?J) (2 _ 2]) = 3et <COS(2t> + SH;()> _ e—t (21)
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3 APPLYING LAPLACE TRANSFORM TO SOLVE INITIAL VALUE PROBLEMS

( Example 4.

Constant coefficient linear differential equation system
T1 = 221 + 329 . _ . 2 3 _ 0
by =B ey A‘<2 1) xo_(l)

Solution: z(t) = eAtxy, {eAt = SePts—1 = £~ (sI - A)_l}.]

from the eigenvalue-eigenvector decomposition of the first equation (previous practice). moreover in 1
dimension:

1
at =l -1 =il
= — = 22
et = £ (s a)}ﬁ{s_a} (22)
Both of the expressions can be used. In this case the second:
det(sl ~A) =72 T l=(s-2-1-6=s235-4=(s-9)(s+1)  (23)

G e )

According to the linearity of the Laplace transform:

3
ey = g1 [ E=ICFD
(s—4)(s+1)
Partial fraction decomposition:
3 :§(s+1)—(s—4): 0.6 06 (24)
(s—4)(s+1) 5 (s—4)(s+1) s—4 s+1
Using a simpler method:
S 332— .= 3%1 i SC_Y44 ~C3=06 Cj=0.4 (25)
Finally:
—0.6 i 0.6
—t 4t
() S &= 504761 50.44 - ( 0(.)6(2: ++0(.]4iit ) (26)
s+1 + s—4

Applying the second formula: et = SeP*S~1 the decomposition is not required, but the eigenvalues
and eigenvectors are necessray.
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3 APPLYING LAPLACE TRANSFORM TO SOLVE INITIAL VALUE PROBLEMS

e ~
Matlab 2. & = Az, x(0) = z( solution with symbolic toolbox eig,syms,expand,pretty,diag

i = Az, z(0) = zo megoldasa x(t) = ey, e = SeP*S™1 képlettel (27)
syms t real

A=1[23; 21];
x0 = [0;1];

[S,D] = eig(A);

SDS_A_iszero =S *D /S - A
exp_Dt = diag(exp(diag(D)*t));
fprintf (’\nexp(Dt) = \n\n’)

pretty(exp_Dt)

exp_At = expand(S * exp_ Dt / S);
fprintf (’\n[Matlabbal szamolt sajatvektorok] \nexp(At) = \n\n’), pretty(exp_At)

xt = exp_At * x0;

fprintf (’\nA differencialegyenlet megoldasa: x(t) = \n\n’)
pretty(expand(xt))

Eredmény:

exp(Dt) =

/ exp(4 t), 0 \

| |

\ 0, exp(-t) /
[Eigenvectors computed by Matlab]

exp(At) =

/ 2 exp(-t) exp(4 t) 3 exp(4 t) 3 3 exp(-t) \
| exp(4 t) 2 2 exp(-t) 3 exp(-t) exp(4 t) 2 |

A differencialegyenlet megoldasa: x(t) =

/ exp(4 t) 3 3 exp(-t) \
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3 APPLYING LAPLACE TRANSFORM TO SOLVE INITIAL VALUE PROBLEMS

1 -
=
0.5
0 -
| | | | | | | 1 | |
0 5 10 15 20 2 0 5 10 15 2 2
t t
(a) Response to the Dirac impulse (b) Response to the unit step impulse
- \

Example 5. Applying Laplace transform

The differential equation system describing the system: Ty +y = Ku(t) y(0) =0
Let us determine the system’s response in the followingh cases:

1. u(t) = 8(t)
2. u(t) = 1(t)

The Laplace transform of the system: T'sY (s) + Y (s) = KU(s), where T' € R and K € R parameters
depending on the system. Impulse response function:

Y (s) K
H(s) = = 28
() U(is) 1+4Ts (28)
System’s response: Y (s) = %U(s)
1. impulse response
ut) =6(t) S U(s) =1
1 2_1 -1 K -1 1 K —t/T
O =Kyrgy T v0=2 0 =8 =g
2. transfer function (response to the unit step function)
1
u(t) = 1(t) S U(s) = g
1 o1
Y(s)=K >
S
K 1 1 K ¢
—il —l = —t/T
y(t) = S ()} = 7 - € {g‘ S+%}=T-<1<t>m>=K<l—e )
for the values K = 5, T = 4 the solution is depicted in the above picture.

version: 2018.10.02. — 10:52:09 10 Lecture 2



4 ALLAPOTEGYENLET MEGOLDASA

4. Allapotegyenlet megoldasa

e only excitation (zo = 0,u(t) # 0) —: Laplace transform

A

e only initial value (zg # 0,u(t) = 0) — ez, state trajectories

e both excitation and initial values

( Example 6. SSM solution — unit step input

A:(g ‘I’) B:G) c=(0 1) xoz(g) u(t) = 1(¢)

&= Ax + Bu
y= Cu (29)
Applying Laplace transfromation:
sX(s) = AX(s)+ BU(s) = sX(s) — AX(s) = BU(s)
(sI — A)X(s) = BU(s) = X(s) = (sI — A)"'BU(s)
Y (s) = C(sI — A" BU(s)
H(s)=Y(s)/U(s) = C(sI — A)~'B = po poy Rl pareg Ty
s 1 1 0.2 0.2
V() =HEUS) = o650 s - Gr DG4 s—4 511
y(t) = 0.2¢* — 0.2¢7*

( Example 7. SSM solution — autonomous system

A:(g i’) B:G) C=(0 1) x0:<(1)) u(t) =0

Applying Laplace transfromation:
sX(s)—xo=AX(s) — X(s)=(sI—A)7lzg — () =L {(sI—A) Iz = et

O e R )

Output: y(t) = Cz(t) = C- £H{(sI — A)7'} - mo = £7HC(s] — A ao} = S_l{m} =
0.6e~" + 0.4¢*
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4 ALLAPOTEGYENLET MEGOLDASA

( Example 8. SSM solution — unit steo velocity

A:@ :1)’) B:G) Cc=(0 1) moz((l)) u(t) =t

Applying Laplace transformation:
sX(s)—xo=X(s)+BU(s) — X(s)=(sI—A)Yao+ BU(s)) —
t
z(t) = eAt10) g +/ A7) Bu(r)dr

to
If tg = 0, then eA(t—to) — At

s—1 3 06 4 04
eAt — £1{ <S2—%S—4 52;382—4>} _ Sl{ (ﬁ _ ﬁ
s2—3s—4 s2—-3s5—4 s—4 s+1
At 0.6e* 4+ 0.4e7t 0.6e* — 0.6e¢
e = 4t —t 4t =4
0.4e* — 0.4e 0.4e** + 0.6¢e

il 1=
INLSTNES
W V)
% o
<|*|;m+|'Cn
==
\/
H/_/

- 0.6e2t=7) & 0.4e—E=T)  0.6e2t—7) — 0.6e—(t—T)
eA(t T) +
0.4e*t=7) — 0.4e~ (=) 0.4€%(-7) 4 0.6e (-7

4(t—7) _ —(t—7) A(t—7) ~ _ —(t—7)
A(t—T) _ 1.2e 0.2e A(t—T) _ 1.2¢ T 0.2e T
‘ Y (0-864“_7) +0.2¢=(¢=7) e ) 0.8¢2(t=7) 1 4 0.2¢~ (-7

Elementwise integral:

f(f 12T rdr = ¢pec?t f(f e~ 2Trdr = z—%(e@t —cot —1)  (Partial integration)

At —t
b A _ (0.075¢" — 0.2¢7 — 0.5¢ +0.125
Jo ™ Bulr)dr ( 0.05¢% + 0.2¢=t — 0.25

etz the same value as in the case of 2. example

2(t) = 0.675e* — 0.8e~t — 0.5t + 0.125
- 0.45¢* +0.8¢~* — 0.25

y(t) = Cz(t) = 0.45¢* + 0.8¢~ — 0.25

A 2. we can see the solution of the three example in order.

|

)
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4 ALLAPOTEGYENLET MEGOLDASA
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1 System representations

System

Input Output

u(t) x(t) ylt)

controllability,
observability form

Laplace

Laplace

Operator
domain — H(s)

Time domain
J+ay+by=u

s = jw

Fourier

Fourier
poles, zeros

Frequency
domain — H (jw)

Bode, Nyquist plot

Figure 1. System representations, SSM (State Space Model) — ATM (Allapottér model)



1

.1 Time domain to Operator domain 1 SYSTEM REPRESENTATIONS

1.1 Time domain — Operator domain

7

Example 1. The system’s differential equation:
() + 35(t) + 2y(t) = 2i(t) — 3u(t) + u(t)
Assume that the initial conditions are all zero. The Laplace transform of the above equation is:
s2Y (s) + 3sY (s) + 2Y (s) = 25°U(s) — 3sU(s) + U(s)

2 2
(5" +3s +2)Y(s) = (25" = 3s + 1)U (s) Controller, observer form (in advance)
From this, we obtain the system’s transfer function: . _3 _« —
2 ' #= (7 )e+(§u - for
Y(s) 2s°—3s+1 —9s—3 _ , ctr. form
H(s) = = = + 2 = Yy = (—9 —ei)il,' + 2u
U(s) s243s5+2 $243s+2 ~~ ‘
Py i =(Z50)7+ (T5)u ‘
C(sI-A)~1B ' obs. form
y=(10)r+2u
From H(s), we can determine the system’s impulse response function (using inverse Laplace transfor-
mation):
—9s — 3 Cy Cy
H(s) =24+ ——F——=2
) =24 e+ 2T s+1 "5z
C; = lim (s — ;) H(s)
S—ray;
Ci=6 Cy=-15
h(t) = £ {H(s)} = £ 2+ —0— 4 20— 95(1) 4 6t — 15e 2
s+1 s42

Impulse Response

In a strictly proper system the input does not af-
fect the output directly. In the operator domain,
this means that the degree of the transfer func-
tion’s numerator is less then the degree of the de-
nominator. In the state space model, matrix D is
zero if the system is strictly proper.

Amplituce

Figure 2. Impulse response h(t) of the system.

a 1 1 I 1 1 1 1 1 1

.

a 1 2 3 4 B B T g g 10
Time (z&c)

L J
( Matlab 1. conv,deconv Polynomial multiplication and division )

Polynome multiplication Polynome division

2_ _9s—

(s2+35+2)-(s+4) =8>+ 752+ 145+ 8 el = 25 42

>> C = conv([1 3 2]1,[1 41) >> [Q,R] = deconv([2 -3 1],[1 3 21)

c=1 7 14 8 Q=2

R=0 -9 -3

| J
[ Matlab 2. ss2tf Compute the transfer function of a SSM )

>> [num,den] = ss2tf([-3 -2 ; 1 0],[1 0]1’,[-9 -31,2)

num = 2 -3 1

den = 1 3 2
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1.2 Time domain to SSM 1 SYSTEM REPRESENTATIONS

1.2 Time domain — SSM

State space model: system of first order linear differential equations (elsérendd differenciélegyenletekbgl
allo egyenletrendszer)
* = f(z) + g(x)u, where f:R" - R" ¢g:R" ->R"™ zeR" uelkR. (1)
Linear case:
& = Az + Bu

2
y=Cz+ Du @

7

Example 2. It is given the following second order linear scalar differential equation
y=-y
We introduce the following notation:
r1=y, T2=y=1I1
SSM:
T1 = T2

()-(50) ) mam(80) »=(0) c-0o

Usually, the procedure for (time domain — SSM) is the following:
Linear higher order scalar differential equation with constant coefficient — compute its transfer function
H(s) — SSM (Controller or Observer form).

\
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1.2 Time domain to SSM 1 SYSTEM REPRESENTATIONS

r

Example 3.
Ug U
—_— —_—

o— W 0

R L

= e | =
i

O O

The system’s differential equation (upe stands for w;, — is the input voltage):

Upe = UR + UL + UC

dug ds
) p— C ¢ —_— pu— L ¢ —_— p— R . )
1 dt s ury, dt, UR ]
State equations (let the state variables be: i, u¢):
di ds R 1 1
—R-i+L — R J— -
Hbe rhra e e Tt pre T 3
dug duc 1.
1= e —_— = =1
dt dt C

In matrix form:

o=

> Upe

i
uc
Now we consider a concrete numerical example. Let R = 1.5Q2, L = 0.25H, C' = 0.5F

()= ) ()
=0 1 (2)
1= (3 5) #=() =0

In Figure 3, you can see the impulse and step response of the system. Furthermore, Figure 4 illustrates
the system’s output in case of a sinusoidal input function u(t) = 2sin(3t) (szinuszos gerjesztés).

AN

i) = ) +
() = (o o) (o)
Hence, the state vector is x(t) = < ! >, u(t) = upe

uc

We must define the output of the system: y(t) = uc = (0 1)
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1.2 Time domain to SSM 1 SYSTEM REPRESENTATIONS

Impulse Response Step Responise
T T 1 T T T T

Ampltude

L L o 1 1 L
a os 1 145 2 25 3 35 o 05 1 145 2 245 3 35

Time (sec) Time (sec)

Figure 3. Impulse and step response of the RLC circuit

Linear Simulation Resuts

2 T T T T

Amplituce

“o 05 1 15 2 25 3 35 4 45 5
Time (sec)

Figure 4. Excitation (gerjesztés) of the RLC circuit with a sinusoidal input function. In case of f = 3Hz
frequency signal the system’s gain is g = 0.4438, phase shift is ¢ = —93.1798°. HU: 3 Hz esetén a rendszer
egyenaramu erdsitése g = 0.4438, faziseltolasa ¢ = —93.1798°.

Bode Disgram

Magritude (dB)

50—

B0

Phass (deg)
T
|

[P 1] ETTORVOU SOUTUTTY FOVUVE NUY TS IO O 1) T TR IROTPO .
10° 107 10° 10 10
Frequency (radisec)

Figure 5. Bode diagram of the system describing the RLC circuit.
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1.2 Time domain to SSM 1 SYSTEM REPRESENTATIONS

Example 4. (Diagonal SSM)

G- ) )+ ()
=0 Ve

We compute the eigenvalue/eigenvector decomposition (alternatively: spectral decomposition) of
matrix A

A+6 4
-2 A

‘—()\+6)/\+8—(>\+2)()\+4)

Eigenvalues: A\1 = =2, Ay = —4
Eigenvectors in case of A\ = —2:

-6 —4\ (v _ o) —b6v1 —4ve = —2v1 = V2 = —v1
2 0 V2 - V2 21 = —2v
1
v= (_1> p peR\{0}

Eigenvectors in case of Ao = —4:
-6 —4 w1\ _ _4 w1 5 —b6wy — 4dwe = —4w; — w1 = —2w3
2 0 wy) w9y 2wp = —4wsy
-2
w—<1>-q g€ R\ {0}

Transformation matrix:

T=S"1 1771=g9

== (4 ) =0 )

State space transformation:
-1 -2\ /-6 —4 1 =2\ (-2 0
-1 -1 2 0 -1 1) \o0o -4
_ -1 -2\ /4 —4
s-re-(5 ) (o) - ()

C=0T"'=(-1 1)

A=TAT!

version: 2018.10.02. — 11:53:38 6 Lecture 3



1.3 SSM to Operator domain 1 SYSTEM REPRESENTATIONS

1.3 SSM — Operator domain

e R L
{H(s) =g =C(s1- 4B+ D]
[ Example 5. )
(2)= (2 ) () )
y=(0 1)z

= (0 1><3+61>5+8(§ 8146> (3)252%15%(0 ! (48):<+2i+4>

Proposition 1. (special case — if the SSM is diagonal, i.e. matrix A is diagonal)
~1

s— A\ 0 0 b
. 0 s—Xy - 0 !
H(s)=C(sI —A)"'B=(c1--cn) . , . ) =
0 0 s — A\, bn
1
5= A1 (1] 0 bl n
0 s—Xo2 0 . c1b caba cnbn cib;
= (c1--cn) . ' =>
: §—A1  S— A2 s—Ap 1213—)\1-
1 n
0 0 P
Example 6.
4 0 0 0
i 0 -3 0 0 - 1 "
o 0o -2 o0 —10
0 0 0 -6 2
y=(6 8 2 —1)x
H(s)—OCG 1-8 (—10) -2 2-(—1)_ 8 B 20 B 2
s—4  s+3 s+ 2 s+6  s+3 s+2 s+6
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1.4 Operator domain — SSM : Controller form

1 SYSTEM REPRESENTATIONS

1.4 Operator domain — SSM : Controller form

Theorem 2. (Controller, observer form — only SISO)

b_18" L+ b,_9s" 2+ -+ b b(s)
H(s) = D=—=+4+D, DeR
(5) 18" +a,_18" 1+ +ag + a(s) +
The denominator must always be monic (with leading coefficient 1).
A nevezdében szereplé polinom vezéregyiitthatdja mindig 1 kell, hogy legyen!
( —Qp-1 —Ap—2 -+ —a1 —ag 1
1 0 0 0 0
T = : . N
controller form: : L e ; : (4)
0 0 1 0 0
y= (b1 b2 bo)  + Du
—Aap—1 1 0 0
-1
—ap—o 0 00 by_o
T = ol + U
observer form: Co (5)
—a 0 . 1 0 bO
—ap 0 - 00
(y=(1 0 0)z + Du
'd 3\
Example 7.
4s + 38 4s + 38 25 +19
H(S) = = =
(s+1)(s+2)(2s+6) 2s3+12s2+225+12 3 +6s2+11s+6
-6 —11 -6 1
z=11 0 0 |z+|[0]u
0 1 0 0
y=(0 2 19z
Remark. The controller form produces a controllable SSM!
A controller form mindig iranyithaté ATM-et eredményez! (Lasd késsbb)
Check whether it leads, indeed, to the initial transfer function:
s+6 11 6\ ' /1
H(s)=C(sI—A)'B=(0 2 19)( -1 s 0 0] =
0 -1 s 0
1 s —11s—6 6s 1
(0 2 19) s s(s+6) —6 0] =
S0 +6+1s \ 1 6" gs46)+11) \o
1 & 25 +19
s+
—— (0 2 19 =
33+17s+6( ) s3 + 652+ 115+ 6
. J
Only SISO case. The controller and observer forms are very similar:
A=A, B.=cCf, C.=BT (6)
SISO = C(sI — A)~!B € R, thus
C(sI — A) "B = (C(sI — A)™'B)" = BT(sI — A)"TCT = BT (sI — AT)"'CT (7)
version: 2018.10.02. — 11:53:38 8 Lecture 3



Computer controlled systems

Lecture 4

version: 2018.10.09. — 15:13:40

1 State space transformation

As we shall already know, the state space model is not unique. For the given example, define a new SSM
using a state space transformation.

A:<_26 _04> B:(é) C=(0 1)

Let the linear transformation of the state vector be the following:

T1 =21+ 22
To = 3x1 — 2T9

T1\ 1 1 T
X9 S \3 -2 X2
z=Tx, x=T"'Z — state state space equation can be written for the new state vector  as well
i#=Ar+Bu — T 'i=AT"'z+ Bu

In matrix form:

T=TAT 'z2+TBu — A=TAT' B=TB
y=Cx=CT 'z —

Returning to the example:
(1 1 4 1 /-2 -1
T‘<3 —2> =3 (—3 1)

. _ -4 0 _ 4 _ .
A:TAT1:<_16 _2> B:TB:( ) C=cT'=(¢ -1

—
[\]

If the original and the transformed SSM are (A4, B,C) and (A, B, C), respectively, determine the trans-
formation matrix 7', which connects them.

3 2 1
A:<_4 1) B:<1> C=(1 0 (1)
- 1.8 1.6 = 3 =
A= (_4'4 22) B = <1> C=(04 —0.2) (2)
Solution. B =TB, AB =TAB — T-[B|AB|=[B|AB] — (T=CpC;') where C, = [B|AD]
and Cy = [B|AB] are the controllability matrices of (1) and (2), respectively.

Remark. B and AB are (2 x 1) matrices.

(1 5 N
o (1 %) a4

1

_ W
—

ot
~
N
no
Il
7 N\
_ W
|

—_
[S—

~_



2 CONTROLLABILITY, OBSERVABILITY

1 (3 7 -3 -5\ (2 1 4 -1/2 -1
T—8’<1 —11)'(—1 1)(—1 2) s 5(1 2)

Just as in the previous example, determine the transformation matrix 7T'.

A:(_21 g) B:(é) c=0 0 (3)

. (-1 2 1 -1 2 =2
SolutzonT-(l 2> T =7 (_1 _1>

Remark. In case of SISO model, this method can be applied for an even higher dimensional state-space
model, but then the controllability matrix will involve further rows. If the state vector is n-dimensional
(A € R™") than C, = [B|AB|A?B|...|A"'B]. To conclude, if the SSM is controllable:

Megjegyzés: SISO modell esetén a fenti modszer tobb allapotvaltozo esetén is alkalmazhatd, de ekkor t6bb
oszlopra van sziikség. Ha A € R™" akkor a [B|AB|A?B]|...|A" ! B] alakt matrixokkal lehet szamolni.

2 Controllability, observability

In general Given the following CT-LTT system: The question arouse: In the full knowledge of y(t) and

System
Input Output
—>
u(t) x(t) y(t)

u(t) can we say something about the unknown state vector z:(¢)? In the other words is x(¢) observable?

The second question would be the following: is there an input function wu(¢), with which we can lead the
system from the initial state xg to state 21 in a finite time. If we can do so (for every possible initial and
final states), we say that the system is controllable.

2.1 Observability

N
Theorem 1. Sufficient and necessary condition for observability

A state space model described by matrices (A, B, C) is observable if and only if (iff) its observability
matrix O, is full-rank:

C
CA
O, = : ,  rank(O,) =n
CA:I’L—l
Remark. In SISO case O, is a square matrix, which is full-rank iff its determinant is nonzero.
|\ J
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2.1 Observability 2 CONTROLLABILITY, OBSERVABILITY

Example 1. Is the system (A4, B, C) observable?

A:(g ‘I’) B:G) c=(0 1)

The observability matrix is the following

CA = (2 1) — Oy = (C’CA> = <(2) 1) , det (O2) = =2 # 0 = Os is full-rank

Hence, z(t) is observable, namely, using y(t¢) and its time derivetive §(t), we can compute the actual
value of z(t)

y(t) = CAx(t) + CBu(t) = (1) = 0y (y(t) - CBu(t)> (6)

L J

{y<t> = Cx(t) y(t)

( Example 2. Unobservable subspace (mathematical background presented in B.1)

Given the state space model:
1 2 . 1 1
A= <_2 _3> , B:arbitrary, C=(1 1), O,= <_1 _1> (7)
A basis for the kernel of O,, is v1 = (_11 ) This means that

— if there is a zero input and z(0) = Av; € Oa, than x(t) € Ker(Oz) (Proposition 9) and y(¢) = 0 for
every t > 0.

— for a given input u(t) and with an initial condition z(0) = xo + \v; € ¢ + Ker(O3) (where A € R
is arbitrary) the system will produce the same ouput y(t).

Output of the system System trajectories z(¢) - phase diagram
2.5 6.
20 _4r
X 150 o 2|
a2, \ c
é 1 [ \\ z 0 [
\ =
\ w0
0.5 |- \ -2
\\‘\ N
0 i ‘ ‘ ‘ —4 ‘ ! : : -
0 2 4 6 8 10 —4 -2 0 2 4 6
time: ¢ state variable x4 (t)

Figure 1. Simulation of system (7) from different initial conditions x(0) € z¢ + Ker(O2) (denoted by dots)
with zero input. As one can observe, the state trajectories are different, however this difference does not
appear in the output of the system. In this example u = 0 and 29 = (1). The blue dashed line in the right
figure illustrates the actual unobservability subspace of the system corresponding to xg.
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2.2 Controllability 2 CONTROLLABILITY, OBSERVABILITY

2.2 Controllability

Given a strictly proper state space model (A, B,C') with x(ty) initial and z(t1) # x(to) final condition.
The question arises, is there any input function u(t), which leads the system from z(tp) to x(¢1) in a

finite time.
4 ~\

Theorem 2. Controllability

A state space model described by matrices (A, B, C') is controllable iff its controllability matrix C,, is
full-rank:

Chn=(B AB .-+ A"™!'B), rank(C,)=n

Remark. In SISO case C,, is a square matrix, which is full-rank iff its determinant is nonzero.
.

Example 3.

(] () e amm (1]

This system is controllable, since the determinant of Co is nonzero. In this case the controllability
subspace is the whole R? itself. If we start the system from zero initial condition, we can lead the
system (with an appropriate input) to any other states of the controllability subspace in a finite time.

. J

( Example 4. Controllable subspace (mathematical background presented in B.2)

Given the following state space system and its rank-deficient controllability matrix:

-1 2 —2

) 0 16 —96

A= (§ —6 2;?) , B:(g) ,  eigenvalues of A: (—2) , C3=<8—48 224) (8)
1 0 1 0 -8 48

i 0.3832 0.8082 . .
The basis vectors of Im(Cs) are: v; = (*8?81%2 >, Vo = ( 04285 ) They span a 2-dimensional subspace

in R3, illustrated by the green plane in the Figure 2. If we start the system from an initial condition
which is an element of this subspace x(0) € Im(Cs), the system trajectory will never leave this subspace.
If the initial condition is outside of Im(C3) and A is stable, the system trajectory will tend to this
subspace.

System trajectories z(t) - phase diagram

47 Controllable subspace Im(Cy,)
e z(0) € Im(C,,)

—— trajectory remains in Im(C,,)
o 2(0) ¢ Tn(Cy)

—— trajectory tends to Im(C,,)

Figure 2. Simulation of system (7) from different initial conditions
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2.3 Controllability and observability in case of a diagonal SSM 3 JOINT CTRB-OBSV

( Example 5. )
Compute the controllable subspace of £ = Ax + Bu, where
1 2 =2 1
A=|-0 1 0 ],B=|0]. 9)
1 0 1 0
To check your solutions, we give:
-1 4 -4 -1 -1 1
A2=(0 1 0|,03=(0 0 o0]. (10)
2 2 -1 0o -1 =2

2.3 Controllability and observability in case of a diagonal SSM

A= <%1 0> B = <Z;> AB = <a1b1> C = (Cl Cg) CA = (clal Cgag)

a azbs

C2 _ bl a161 02 _ C1 Co
by agbsy c1a1 C20G2
SISO rendszer diagonalis A métrix esetén

irdnyithatd <= a f6atlobeli elemek paronként kiillonbozdek, és Vi b; # 0
megfigyelhet6 <=  a f6atlobeli elemek paronként kiilonbozdek, és Vi ¢; # 0

[Theorem 3. The rank of O,, and C,, is invariant to the state space transformations. }

Proof .
A=TAT™" B=TB C=CT!
°n=(T'B TAT'TB)=T (B AB)=TC,

C
A cr—! ([ C -1 _ -1
On = (CT—lTAT—1> - (CA) T =0.T

2.4 Markov parameters

CA'B
Markov parameters are invariant to the state space transformations.

CB=CT 'TB=CB
CAB=CT 'TAT'TB=CAB

3 Joint controllability and observability

e Egy H(s) = % (SISO) atviteli fiiggvény n-edrendii realizacidjanak nevezzik az (A, B,C, D)
allapottér-modellt, ha H(s) = C (s — A)"'B + D, ahol A € R, B € R C ¢ R™*" D e R
(nem egyértelmii!)

e Egy H(s) atviteli fiiggvény n-edrendi realizaciojat minimalisnak nevezziik, ha nem létezik nala
kisebb rendt realizaci6.
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3 JOINT CTRB-OBSV

e Egy n-dimenzios (A, B, C, D) allapottér-modellt egyiittesen iranyithatonak és megfigyelhetnek neveziink,

ha teljesiilnek ra az irdnyithatosag és a megfigyelhetdség feltételei (azaz O,, és C, teljes rangu).

e Egy ATM minimalis <= egyszerre irdnyithaté és megfigyelhetd.

7

Example 6. Is the state space representation minimal?

() o) eo

Transfer function: H(s) = —3-—;. This SSM is minimal, since H (s) is irreducible and the degree of
the denominator is equal to the order of the state space realization (n = 2).

\L

Example 7. Is the state space representation minimal?

-2 -1 1
A:<_1 _2> B:<O> C=(1 1)
s+1 _ s+1
s24+4s5+3  (s+1)(s+3)

This SSM is not minimal, meaning the one of two properties is broken: the SSM is controllable but
its is no observable.

H(s)=C(sI — A)"'B =

Example 8. Is the state space representation minimal?

A—(_26 —04> B—@ c=(0 1)

Co=(B AB)= (‘Ol _§4>

The determinant of matrix Csy is nonzero, therefore, it is controllable.

Observability matrix:
C 0 1
Oz = (C’A> B (2 o)

The determinant of matrix Qs is nonzero, therefore, it is observable. Consequently, the SSM is minimal.

Controllability matrix:

\.

J

Example 9. (MIMO case) Is the state space representation minimal?

(B8 e-(h) ()

9 16 1 3 8
AB_(z —2 —2) cA= (14 14)

12

C 0o 7 1419 16 1

OQ‘(CA)‘ 3 5| @ AB)_<2 302 -2 —2)
~14 14

Matrix Qs is full-column-rank, and Cs is full row rank, meaning that the system is jointly controllable
and observable and (A, B, (') is minimal.

\

N\

Example 10. Is the SSM minimal? If not give a minimal representation.

-3 00 1
A=10 4 0| B=[2] C=(3 0 4)
0 06 6

version: 2018.10.09. — 15:13:40 6 Lecture
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n

cib; 3-1 0-2 6-4 3(s—6)+24(s+3

Z,:13—)\i_s—|—3+s—4+s—6: (s+3)(s—6)
275+ 54
H = —
(s) 52 — 35— 18
The SSM is not minimal, because the transfer function can be reduced.

9 0 0 3 0 4 1 -3 9

A2=1(0 16 0 O,=1-9 0 24 C,=12 8 32

0 0 36 27 0 144 6 36 216

A minimal SSM can be given by skipping the single degenerated state variable:

A:<_03 g) B:<é> C=(3 4)

A minimal realization can also be given using the controller form:

A:G’ 108) B:<(1)) C— (21 54)

& J

Example 11. It is given a SSM in the controller form. Is the SSM jointly controllable and observable?

0 7 —6 1
A=1|1 0 0 B=10 C= (O 3 9)
01 0 0
Transfer function:
3549
H(s) = +———
() s3—T7s+6
The realization is most be controllable, since it is given in controller form:
, 7 —6 0 0 3 9 107 rank(Cp) = 3
A*=10 7 —6 O,=(3 9 0 C.,=10 1 0 N B
1 0 0 9 21 -18 001 rank(Op) =2

However the SSM is not observable, because it is not minimal: H(s) is reducible by s + 3. Using the
controller form (on the irreducible form of H(s)), we can obtain a jointly controllable and observable
realization Tehat nem egyiittesen megfigyelhets és iranyithat6 a rendszer. The a unobservable subspace

Ker(0,,) = {a(—?:%) ’ a€ R}

\ J

Felhasznalas: AllapotmegfigyelSk tervezése
Bizonyos mennyiségeket (pl. szogsebesség) nem tudunk mérni, csak becsiilni. Ld.: 3. abra

u(t) System ¥(t)
x(t)

x*(t)
~—— Observer

Figure 3. State observer design
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A SUPPLEMENTARY MATERIAL IN LINEAR ALGEBRA

A Supplementary material in linear algebra (not needed for the exam)

( Theorem 4. The fundamental theorem of linear algebra )

Let A:R" — R™, A(z) = Az, where A € R"*". Then the followings are true

Tm(A) = Ker(AT)" c R™ (11a)
Im(AT) = Ker(A)* c R" (11b)
Furthermore
Im(A) ® Ker(AT) =R™ (12a)
Im(A”) ® Ker(4) =R" (12b)
Remark. 1If r = rank(A), than
dimIm(A) = r, dim Ker (AT) =m-r (13a)
dim Im(AT) =, dimKer(4A) =n—r (13b)

Proof . Proof of (11a) as presented in [1]. Let

af
A= (a1 as .. a,) = AT = (azT> (14a)
al
x € Ker(AT) = ATz = (azTQ”) = (0> (14b)
y € Im(A) = Ja; € R such that y = Zaiai (14c)

i=1
Note that « and y are arbitrary vector elements of Ker (AT) and Im(A), respectively. Then we compute
the dot product of & and y:

n
(x,y) =ylx= Z valz =0, (15)
i=1
since aZ-T:c =0, Vi = 1,n. Consequently, & L y for all possible z € Ker (AT) and y € Im(A), which

means that the two subspaces are the orthogonal complement for each other:

Im(A) = Ker(AT)L

(16)
Im(A) N Ker(AT) = {0}
Following this idea, we can conclude that the subspaces are linearly independent, therefore,
dim (Im(A) ® Ker(AT)> =r+(m-—r)=m. (17)

This can only happend if direct product of the two spaces is R™, which completes the proof for (12a).
0

Proposition 5. (Self-adjoint operator) Let A : R® — R", A(x) = Az, where A € R™*" is a symmetric
matrix: A = AT. Than, as a consequence of Theorem 4, we have that

Im(A) = Ker(A)* and Im(A) @ Ker(A) = R™.
For more, see [2, Eq. (10.3)].
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B SUBSPACES OF THE STATE SPACE

~\

( Proposition 6. Singular value decomposition (SVD)

If we make the SVD for matrix A € R™*"

A=UxVT, (18)
where
U € R™™ is unitary: U*U = I, (19a)
V e R™" is unitary: V*V =1, (19Db)
¥ € R™ " eigenvalues in the diagonal. (19¢)

After this decomposition, the basis of the four subspaces (12) can be obtained as presented below.
Im(A) : the first  colums of U
Ker (AT) : the last m — r columns of U
Im(AT) :  the first r columns of V'

Ker(A) : the last n — 7 columns of V/
In short
o A=[Im(4) Ker(AT)] S [Im(AT) Ker(4)]" 7 (20)
\ J
B Subspaces of the state space
Having a strictly proper (D = 0) MIMO LTT system:
it=Ar+ B
’ (21)
y=Czx
The state space could be partitioned as follows:
X = Xco &® Xc6 & XEO ® XE() (22)
where X.. are pairwise orthogonal subspaces of the state space, in other words:
Xco 1 Xcéa Xco 1 XEm Xco 1 X657 (23)

Xc?) uE XEo, Xcé uE X667 XEo L XE5-

B.1 Unobservable subspace X; = Ker(0,). Observable subspace X, = X2 = Im((’)g )

( )
Lemma 7. Linear independence of the first k£ rows of O,

If rank (O,,) = k < n, then the first k rows of O,, are linearly independent, and any further rows of it
can be expressed as the linear combination of the first k& rows.

C
Formally: Vi € N 3a € R*, that CA*t = oT Oy, where O}, € RF*" is defined as O, = ( cA )
CAk-1
Remark. N=1{0,1,2,..}, Ny := N\{0}.

| J

Proof. The proof is given in the following three steps:

(i) If k = n, the set of row vectors (also called as “covariant vectors”) C,CA,..,CA""! constitutes a
linearly independent (covariant) basis for vector space R™, which means that any other row vectors
in R™ can be expressed by their linear combinations, the same as CA™ ", Vi € N can be.

(ii) Let k be the first natural number, for which there exists @ € R* such that CA* = a7 Oj. Then
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B.1 Unobservable subspace B SUBSPACES OF THE STATE SPACE

C AFt1 can also be expressed by the covariant vectors of O:
k k—1 k
CAM = (CAF) A= [ 30,0 | A=Y 0,07 + Y ay0aT (24)
j=1 j=1 j=1

By induction, we have that for every every i € N there exists o € R¥ : CA*? = a0,

(iii) As a consequence of (ii), we can state that if rank (0,) = k < n, that the first k£ rows of O,, are
linearly independent (i.e. rank (Of) = k). O

Lemma 8. For every v € Im(O,:f ), we have that ATv € Im(@,:f ) In this sense, the observable

subspace X, = Im(@,{ ) = Ker(On)L C R™ of the state space X = R" is invariant with respect to the
linear transformation A'(v) = AT, i.e. A'(X,) = X,.

Proof. Let a(s) = det(sI — A) = ag + a1s + ... + aps™. Due to Cayley-Hamilton theorem, we have that

1
CL(A) =0 = A" = —(aOI =+ alA + ...+ an_lAn_l) (25)
g
f Proposition 9. x(0) € Ker(O,) and u(t) =0 = y(t) =0 )

Let rank (Op,) = k < n. If 2o € Ker(O,,) and u = 0, than y(¢) = 0 for every ¢t > 0, i.e
z(t) = ety € Ker(O,)

In other words, if there is no input signal (u(t) = 0) and the initial condition zy belongs to the
unobservable subspace Ker(0,,), than the state response of the system z(t) = ez will remain in this

subspace.
. J

Proof. As a consequence of Proposition 7, we have that if C A¥zy = 0 for k = 0,n—1, than C A*zy =0
holds for every k € N. If we consider the Taylor expansion of matrix exponent e, we have:
> Lk

t , .
CAFeAty, = h CA gy =0 Vk=0,n—1 = Opezg=0e ety e Ker(0,,) (26)
j=0 " 0

Consequently, for a given unobservable state space model (A,B,C,D) if we start the system from the
unobservable subspace z(0) € Ker(O,,) and having a zero input (u = 0) the output will be zero y(t) = 0,
for every t > 0. i

' 3\
Proposition 10. Same output for all initial state of an unobservable class

Let us denote vy, ..,v,_r € R™, k < n the basis vectors of the null space of O,:

Ker(0,) = {oqvl + o tapy g =a'N|lae R”_k}, where N := (v1 . vn_k) € R (n—k)

Matrix N is called an annihilator of O, since OpN = 0,,x(n—r). Now we introduce the following
notations:

xo + Ker(O,,) := {xo +aof'N ’ a€ R”_k} (27)

From any initial condition x(0) € zo+ Ker(O,,) and for a given input u(t), the system will produce the
same output y(t).

\. J

Proof. The explicit solution of the state space model is

y(t) = Cez(0) + C /O t A7) Bu(r)dr (28)

Considering an initial condition z(0) = 2o + oT N € g + Ker(0,,) with an arbitrary a € R"7*, and
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B.2 Controllable subspace B SUBSPACES OF THE STATE SPACE

keeping in mind, that o N € Ker(0,,) (i.e. CA'aTN = 0 for all i € N) we obtain:
t ¢

y(t) = Ce (zo + aTN) + C/ A7) Bu(r)dr = Cettag + C/ A=) By(r)dr (29)
0 0

Finally, we can observe that the expression for y(¢) does not depend on «. It depends only on the input
u(t) and on xg, furthermore, for each zy we obtain different outputs, xo defines the unobservability class,
that the system is actually in. If we can find a particular solution z(t) for the (under-determined) linear
equation system

V(t) = Opz(t) + TU(L) [lec 03.pdf, pg. 10/31] (30)
we can determine the actual unobservability class of the system, but we have no further informations
about the state vector itself. i

Remark. Set xo + Ker(O,,) is not a subspace of R", since many properties of the vector space broke (eg.
does not have a unity element), however, it is a k dimensional manifold (sokasag) in vector space R™.

B.2 Controllable subspace X, = Im(C,). Uncontrollable subspace X; = X} = Ker(Cg )

Lemma 11. If (A, B,C) is not controllable rank(C,) = k < n, the first k& columns of C,, are linearly
independent.

Proof. Same as Lemma 7. o

Lemma 12. For every v € Im(C,), vector Av € Im(C,). In this sense, the controllable subspace
X. = Im(C,,) € R"™ of the state space X = R” is invariant with respect to the linear transformation
A(v) = Av, ie. A(X,) = X..

Proof. Let v € X, = span <B, AB, ..., A”*1B>, therefore, there exist real values aq, ..., a, € R, such that

n n
v = Z wATIB = Av = ZaiAiB. (31)
i=1 i=1
It is obvious that A’B € X, for all i = 1,n — 1, furthermore, due to Lemma 11, A" B can be expressed
as the linear combination of vectors A", B, i = 1,n. Finally, we have that Av € X,. O
'd 3\
Proposition 13. xo € Im (Cp,) = x(t) € Im (C,,)

If the initial condition x(0) = z( belongs to the controllable subspace of the state space, than the
solution z(t) will also belong to it. Formally:

zo € Im(Cy,) = 2(t) € Im(Cy,) Vt > 0. (32)

If the initial condition is not an element of Im(C, ), but the system is stable, than the trajectory will
tend exponentially to the controllable subspace of the state space, i.e.

A=<0=2(t) — Im(Cp) (33)

\. J/

Proof . If zp € Im(C,,) = X,, than

t > tk t t— k
(t) = Mg + / e Bu(r)dr = — AFxg + / > U= kB u(ryar € X.. (34)
' 0 k=0

k!
0 =" oY €X.
If xo ¢ X. but A < 0 (is negative definite), than
t

z(t) = eMrg+ [ AT Bu(r)dr — X,.

( ) 0 0 ( ) c (35)
—0 4
€Xe

So, the solution tends to the controllable subspace. |
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B.3 Controllability staircase form B SUBSPACES OF THE STATE SPACE

Theorem 14. (Control the system to a given state) If the system is controllable, there exists an input

t
u(t) = —BTeAT(tlft)Pfl(tl)(eAtlcco — 1), where P(t) = / eA"BBTeA Tdr, te [0,¢1],  (36)
0
which leads the system from z(0) to z(t;) = x; in a finite time #; < co.

Proof. A proof for it can be found in |3, Theorem 2.21]. O

B.3 Controllability staircase form

( Proposition 15. Controllability staircase form )
We construct the following transformation matrix 77! = § = (vl,...,vk,wk+1,...,wn), where
[v] = [v1,...,vx] is the orthonormal (ON) basis of X, = Im(C,) and [w] = [wg41, ..., wy] is the ON
basis of Xz = Im(Cn)J‘ = Ker (C;{ ) Then the transformed matrices will have the form:

A=TAT ' = < Au 412) (37a) B=TB= < B ) (37b)
On—r)yxk A2z O(n—k)x1
(Using SVD: ¢, = U.B.VT, S :=U,)

Proof. (For simplicity, only for SISO) Since X, and Xz are orthogonal complement of each other
(ie. Xc® Xz =R"), [v,w] is an ON basis of R”. In other words: S is an orthogonal matrix with
the well-known properties:

T
sTs=1, = 8§'1=85T= (T‘/[//T> ,  where V = (vl, ...,vk) and W = (wk+1, ...7wn) (38)
Furthermore, VIW = Ok x (n—k) and WtV = On—k)xk (39). Then the transformed matrix A will be:
- vt VTAV VTAW
— -1 _ ¢T — —
A=TAT '=S"AS = <WT> AV W)= <WT W WT AW) : (40)

The columns of V' are elements of X, therefore, the columns of AV are also elements of X.. The columns
of W are the basis vectors of Xz = X}, therefore, WT AV = O(n—k)xk- The transformed matrix B will

be:
_ VT VTR
_ _qTp _ _
B=TB=S B_<WT>B_<WTB>. (41)
Since B € X, wj € X5, WI'B =04,_pyx1, j =k + 1, n. O

B.4 Observability staircase form

'd \
Proposition 16. Observability staircase form

We construct the following transformation matrix 77! = § = (vl, veey Uy Wht 1y eeey wn), where
[v] = [v1, ..., 3] is the orthonormal (ON) basis of X, = Ker(0,)" = Im(O)) and [w] = [wkt1, ..., wn)
is the ON basis of X5 = Ker(O,,). Then the transformed matrices will have the form:

- _ Al Opscfne _
A=TAT ' = ( A; ’“}1(22 ’“)) (42a) C=CT"'=(C1 Oixnw) (42b)

(Using SVD: 0, = U,Z,VZ, S ==V, )

& J

Proof. (For simplicity, only for SISO) Since X, and Xz are orthogonal complement of each other
(ie. Xo® X5 =R"), [v,w] is an ON basis of R". In other words: S is an orthogonal matrix with
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B.5 Kalman decomposition B SUBSPACES OF THE STATE SPACE

the well-known properties:

T
sTs=1, = S 1=¢8T= (;[//T> , where V = (vl, ...,vk) and W = (wkH, ...,wn) (43)
Furthermore, VIW = Ok (n—k) and wTv = O(n—k)xk (44). The transformed matrix A will be:
= VT vTAV  VvTAW
— -1 _ qT _ —
A=TAT " =5"AS = (WT) AV W)= <WTAV WTAW> : (45)

The columns of V are elements of X,, therefore, the columns of ATV are also elements of X,. The
columns of W are the basis vectors of Xz = X, therefore, (ATV)TW = VTAW = Okx(n—k)- The
transformed matrix C will be:

C=CT'=0cS=C((V W)= (CV CW). (46)
Since CT € X,, W € X}, CWT:OIX(n_k),j:k—i—l,n. i
( ~

Proposition 17. If (A, C) has unobservable mode (i.e. is unobservable), there exists x € R", such
that Az = Az and Cx = 0. Consequently, A is a “decoupling zero” of (A, B, C, D), since

A—-X B\ . .
M = < c 0> is singular, (47)

namely there exists £ = (g) = (0 such that M¢ = 0. Or in other words, the kernel space of M is not

empty, meaning that M is singular.
.

J

'd 3\
Proposition 18. The input decoupling zeros are equal to the eigenvalues of the uncontrollable sub-

system.
& J

Proof. We assume that (A, B) is uncontrollable:
C,= (B AB .. A" 1B)eR™™ (48)

is rank deficient, that implies a nonempty kernel space Ker (CZ ) C R"™, namely, there exists z € R" such
that CL'z = 0. Alternatively, we have that

BTz =0
BTATz =0
(49)
BT(AT)" 'z =0
Od

B.5 Kalman decomposition

We produce a controllability staircase form decomposition on the system, than on both subsystems
(controllable and uncontrollable) we produce an observability staircase form decomposition.
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Computer controlled systems

Lecture 5

version: 2018.10.16. — 15:48:55

1 Stability

1.1 Input-output stability

u(t) y(t)

— W)

BIBO-stability: Bounded input — bounded output.
lu(t)] < My < ooVt =AMy : |y(t)| < My < oo Vt

Theorem 1. A SISO LTI system is BISO stable iff
/ |h(t)|dt < M < oo
0

where h(t) is the impulse response of the system and M € R*.

1.2 Equilibrium points

Given the following autonomous system
&= f(x), x€R" (state vector), f:R"™ — R" (state transition function) (1)

where x € R™ and f : R” — R" is a vector field. This system has an equilibrium point in state z* € R”
if the values of the state variables in z* do not change, i.e. their derivative are zero. In other words,
x* € R™ is an equilibrium point if f(z*) = 0. In order to find all equilibrium point, we need to solve the
(possibly nonlinear) system of equations:

flz) =0 (2)

An autonomous system & = f(x) may have several equilibrium points, depending on the number of
solution of equation (2). An important property of an equilibrium point is its stability, namely how the
system reacts when we move the state of the system from the equilibrium equilibrium point to a near
point in the state space. Does it converge to the equilibrium point again, or goes away? Consider the
hill-valley problem illustrated in Figure (1). It is obvious that the lower equilibrium point (in the valley)
is stable, since if we moves the ball away a bit, it returns to the same equilibrium point. However, the
upper equilibrium point is unstable, because if we hit the ball, it will fall down.

We aim to find a mathematical apparatus, which can point out whether an equilibrium point is stable or
unstable. This apparatus will be the theory of Lyapunov stability.



1.3 Lyapunov stability 1 STABILITY

Unstable equilibrium

Stable equilibrium

Figure 1. This system has two equilibrium points. One of it is stable, the other one is unstable.

1.3 Lyapunov stability

The Lyapunov theory gives the sufficient conditions for stability of an equilibrium point. Informally, the
Lyapunov stability means the following: “If I start the system enough close to the equilibrium point, the
system will remain quite closed to it.”

' 2
Definition 2. (Lyapunov stability) Given the autonomous system & = f(x), and its equilibrium point

z* € R" ie. f(z*) =0. We say that =* is stable in the sense of Lyapunov, if for all € > 0 there
exists 0 > 0 such that

if [|z*(0) —x(0)|]| <0 than |z*(t) —xz(t)]| <e forallt>0 (3)

Figure 2. If the equilibrium point z* = x. is stable in the
sense of Lyapunov, than for all possible positive € we can find
a positive value ¢ such that if we start the system within a
( \ sphere of radius § of the equilibrium point, the trajectory
/ will not move further then e.
b Ha rendszer Ljapunov értelemben stabil, akkor minden e-hoz
/ tudok, talalni egy olyan ¢ értéket, amire a rendszer trajek-
toridja € hataron beliil marad, ha a rendszer kezdeti allapota
az egyensulyi pont § kornyezetén beliil talalhato.

)

X

. J

Considering this definition, we can conclude that in the case of the upper equilibrium point of the hill-
valley example (Figure (1)) there exist a € > 0 such that the trajectory of the ball will leave that interval
for every little 6 perturbation of the equilibrium point (i.e. the ball will fall down).

Ha fenti definicié birtokdban nézziik meg a 1. abrat, akkor lathatjuk, hogy a domb tetjén lévs labdéhoz
nem tudunk barmilyen e-hoz, §-t talalni, hisz mér a legkisebb § elmozdulasra, a labda legurul a dombrol
és atlépi a tetszGleges valasztott e értéket.
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1.4 Asymptotic stability 1 STABILITY

1.4 Asymptotic stability

N\

p
Definition 3. If the state vector x(t) of the system not only approaches the equilibrium point z* but
also tends to it i.e.

Jim 2(0) = o g
than we say that z* is asymptotically stable.

We say that the system is globally asymptotically stable if for all xy € R" the trajectory of
the system will tend to =*

Figure 3. If the system is asymptotically stable that the
trajectory of the system will tend do the equilibrium point.
Ha a rendszer aszimptotikusan stabil, akkor nem csak e
hataron beliill marad a trajektoridja, de ez a trajektoéria vis-
sza is tér az egyensulyi pontba.

|

1.4.1 Stability of an LTI system

Theorem 4. An LTI system (A, B,C) is asymptotically stable if and only if the real part of the
eigenvalues of matrix A are strictly negative. Re (A\;(A)) < 0.

A

Megj: Ez pontosan azt jelenti, hogy sajatvektorok bazisaban felirt A matrixhoz tartozé e matrix minden

elemében a kitevs negativ. Azaz minden exponencalis értéke nullahoz tart.

1.5 Lyapunov’s direct method

( 1\

Theorem 5. Consider a system @(¢) = f(x(t)) with the equilibrium point z*, namely f(z*) = 0. Let
V(z): R™ = R be a scalar valued differentiable function of the state vector x € R™.

If (V(x) > 0) for all # # z*, V(2*) =0, and V(z) := [axggx)] ) ((grad V, f(z)) < 0)

than z* is stable in the sense of Lyapunov.

If(V(x) >0)for all x # z*, V(z*) =0, and V(:U) — [a‘giﬂf)

than z* is asymptotically stable.

| J

]:i::f(gc) = ((grad V; f(2)) < 0)
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1.6 Examples 1 STABILITY

1.6 Examples

( Example 1.

Given the following LTI system & = ( % { )z, with 2* = () being an equilibrium point. Is V(z) =
22 + 223 an appropriate Lyapunov function?
Solution:

V(z) = [a‘gf)hzm) = (grad V, f(z)) =

xT *
(2331 4332) . (—2x12+ x2> = 2x129 — 8x129 + 41% = 4x% — 6x120 £ 0 for all x # x

Let 1 = 0 and 29 = 1. Since 4-1—6-0-1 = 4, which is grater than 0, therefore, V(z) is not an
appropriate Lyapunov function.

But this does not mean that the z* is NOT stable. Since this is an LTI system, we have other
possibilities to analyse its stability (e.g. the eigenvalues of matrix A):

A -1
v-a=(y )

detON —A) = XA —1)+2=X2 -\ +2

1+1—
+78—>0.5+i£
2 2
1—1-
28—>0.5—z’\f

Since the real part of the eigenvalues are positive, the equilibrium point is unstable.

Mivel mindkét esetben a gyok valos része nagyobb mint nulla, ezért nem teljesiil az a feltétel, hogy min-
den sajatértéke valos része negativ, ebbdl kovetkezGen ez a rendszer nem stabil. Tehat nem csak hogy
a megadott fliggvény nem volt Ljapunov fiiggvény, hanem a rendszerhez nem is lehet ilyet megadni.

\.

J

Example 2. Given a system with its transfer function H(s) = Wisﬁ) Is it stable?
Solution: Stable, since the real parts of its poles A\ = —3 and Ay = —2 are negative.

Example 3. Determine ¢ such that the system & = Ax is stable, A = (_12 _03>
Solution.

det(A\ — A) = =A-1)(A+3)+2c

A—1 —c
2 A+3

AN 4+2X—3+2c=0

24— /A_4(-37120)
A2 = 5

If \/4 —4(2c — 3) < 2 both eigenvalues will have a negative real part.
—(2¢—-3) <0

—2c <3

>3
2
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1.6 Examples 1 STABILITY

Example 4. Given the following system:
3 0 0 0

8
Il
8
+
O R = O
I

y=(1 01 L=
1. Is it asymptotically stable?
Obviously no, since its first eigenvalue is positive.

2. Is it BIBO stable?
We shall check whether the integral of the impulse response is finite or not.

1
H(s) = 10
h(t) = e 10t

/oo 6—1Otdt: eflot Oozi
0 —10], 10

Therefore, the system is BIBO stable. It is important to note, that BIBO stability does not imply
asymptotic stability. But asymptotic stability implies BIBO stability.

Tehat a rendszer BIBO stabil. Ez egy fontos példa az el6adason bizonyitott tételre, hogy az
aszimptotikus stabilitasbol kovetkezik a BIBO stabilitas, de ez visszafelé nem feltétleniil igaz.

1.6.1 Total energy as a Lyapunov function in case of a mechanical system

We are searching for an appropriate Lyapunov function for the mass-spring-damper system. Its dynamics
is given by the following equation:

Keressiink Ljapunov fliggvényt az alabbi rendszerhez! Adott a korabban bevezetett tomeg-rugo-csillapitas
rendszer. Az erék egyensulyat a kovetkezs differencidlegyenlet adja meg:
my+ Dy +Cy=F

where m is the mass of the body, D is spring coefficient, C' is the damping factor. Let x1 := y be the
position of the body, and let x5 := y = &1 be the velocity of the body, which together gives the state

vector.
.25121'2
0 1 0
_ D C u = A:( = C> B:<1> C=(1 0) (5)

Ty =——T1— —T2+ — Tm T m m
m m m

The output of the system (the measured quantity) will be the position of the body y = z1. We use the
following parameter configuration: m = lkg, D = 10%, C= 0.2%, u=0N

AZ(—?O 0%2) B:CD c=0 0

In case of mechanical systems it is a good strategy if we chose the total energy as a Lyapunov function.
The total energy is the sum of the followings:

1
E,, = va2 (kinetic energy)
(6)

1
By, = §Dx2 (potential energy due to the extension of spring)

Then
1 1
V(z) = li% + imx% >0 Vz #0 v (7)
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1.7 Lyapunov function in case of an LTI system 1 STABILITY

Its time derivative regarding the system’s dynamics is:

gradV = (Dzy  mas) (8)
therefore
. B B o

V(z) = (gradV, Az) = (Dz; mas) <—,[,)l$1 - ,?1962) (9)

D C
= Dzyxo + mxe(——1x1 — —19) (10)

m m
= —C22=—-0425<0 Yz #0 v (11)

The time derivative of the Lyapunov function is negative, for all  # 0 state vector. This physically means
that the system loses its energy during its operation, and finally it will stop at the equilibrium point
x* = 0. The decrease in the system’s total energy is owing to the damper (with damping coefficient C').

A derivalt értéke minden xo érték esetén negativ lesz. Fizikailag ez azt jelenti, hogy a rendszer kezdeti
energiajat elveszti a csillapitason keresztiil, és végiil megall.

1.6.2 Total energy as a Lyapunov function in case of an electronic system
We consider the well-known LRC circuit (see the previous lecture notes). Its state space model is the

(o) = G5 ) () + (B)

In this physical system there are two energy conserving elements: the capacitor C' and the inductance
L:.

following:

A rendszerben két energiatarolo elem talalhato, az egyik a kondenzéator, a maésik tekercs.

Their energy is given by:
1

Ec = 5Cu2 (12)
1
Ep = §Li2 (13)
Therefore, let the Lyapunov function be the following;:
V(l‘):Ec+EL>0 Vo #£ 0 v (14)
its derivative
: Ry lg ,
V(z) = (Lxl 0162) (L 1 L > =—Rx{ <0 Vx#0 v (15)
c42

Since the Lyapunov function is negative for all nonzero state vectors, the system is asymptotically stable.
Note that, if there is no resistance (R), than the total energy of the LRC circuit is constant during its
operation, hence shall we obtain a harmonically oscillating system.

Mivel a derivalt mindig negativ, ezért ez egy jo Ljapunov fiiggvény. Az el6zd példaval analdog modon itt
is az egyetlen energiaveszteség az ellenalldson keletkezik, és h§ forméjaban tavozik a rendszerbdl. Tehat
ha nincs ellenallas a rendszerben, akkor csillapitatlan rezgést végez a rendszer.

1.7 Lyapunov function in case of an LTT system

If there exist matrix P > 0 and matrix @Q > 0, such that PA + ATP = —Q, than V(z) = 2T Pz =
(Px,x) is an appropriate Lyapunov function, thus the system is asymptotically stable. Matrix P can be
constructed as follows:

0 T
P :/ e tQeAtdt
0
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1.8 Local stability analysis of a nonlinear system around the operating point using the linear
linearized model 1 STABILITY

However, in case of LTI systems, the eigenvalues of matrix A gives a full knowledge about the system’s
stability.

Habar linearis rendszereknél az A matrix sajatértékei valos részének negativitiasa garantéalja a stabil-
itast, azonban lehet olyan rendszerméret, ahol a sajatértékek kiszdmitdsdnal "olcsobb", a fenti matrix-
egyenlGtlenség megoldésa.

A:<? ﬂ) B:(D C=(0 1) u(t)=0

1. Construct a matrix P such that V(z) = 27 Pz is an appropriate Lyapunov function, i.e. the

Example 5.

followings are satisfied:

Q=Q" Q>0 (16)
P=pPT P>0 (17)
ATP+PA=—Q. (18)

Solution:

o0 T
P :/ e thAtdt.
0

where the positive definite matrix ) can be arbitrarily chose. Let it be
4 =2
=% 7))
2. Check, whether conditions (1),(2),(3) are indeed satisfied!

3. Give the time derivative of the Lyapunov function V (z) = (gradV, Az)!

1.8 Local stability analysis of a nonlinear system around the operating point using
the linear linearized model

Operating point = munkapont.

Local stability analysis of nonlinear system @ = f(x), step-by-step:

e Determine the equilibrium points z* (steady states) of the system by solving the nonlinear system
of algebraic equations f(z) = 0.

e Compute the Jacobian matrix f(z): Jy(xz) = Df(x).
e Compute the value of Jp(z) when z = z*: A := [J5(2)]p=o

e Compute the eigenvalues of matrix A, which gives whether the system is locally asymptotically
stable (Re \; < 0) or not (Re\; > 0).

[ Example 6. Lotka-Volterra model )
Let 1 and x9 denote the number of prays and predators, respectively. Their population-dynamics can
be described by the following system of nonlinear differential equation:

Jelolje x1 és xo a zsdkmanyallatok illetve a ragadozdk szamat, a populacié-dinamikit pedig irja le a
kovetkezd differencidlegyenlet-rendszer:

T = ary — brixe .
) with a,b,¢c,d > 0 (19)
To = —cx9+ dxixo
where a and c are the growth rate of the two species in the absence of the other species, the seconds
terms in the equations represent the interaction between the two species. If a predator consumes a
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2 FURTHER EXTRA MATERIAL

pray that means a decrease in the number of prays, but also entails an increase in the number of
predators. The rate of the mentioned decrease/increase is given by b and d.

Az egyenletben az a (c) koefficiens a zsdkményallatok (regadozok) szaporulata (elhullasi ardnya zsak-
manyallatok nélkiil) b a ragadozok hatékonysaga és d irja le a ragadozok téplalékbevitel melletti sza-
porulatat.

Equilibrium points

Sy

Il
N\
o O
N—

S

Il
Y
oealn
N——

The Jacobian of f is

a—bry —bx1
da:Q —Cc+ dl‘l

The Jacobian of f evaluated in the equilibrium point 7 is:

a 0
(O —C> ~ )\1—@, )\2——6

This equilibrium point is locally unstable since there exist eigenvalues with negative real part.
The Jacobian matrix in 3 is:

—bc

This system is locally stable but NOT asymptotically stable. This means that the system will oscillate
around the equilibrium point.

\. J/

2 Further extra material

p
Definition 6. The H,, norm of a system operator is the peak gain of the system, namely

Hoo = max |H (jw)| (20)
Alternatively, Hoo norm is the induced £ norm of the convolution operator S|u|:
t Slu
y(t) = S0 = (o) = [ be=ur)dr = Hoo= I8l = sup L2l 1)
0 uely lully
| J

p
Theorem 7. The Ho norm is always smaller or equal than the absolute integral of the impulse

response. Namely:

max [H ()| < [l = [ Ihce)ae (22)

& J

Proof. H(jw) is the Fourier transform of the impulse repsose h(t), thus, we can write:

oo . e¢] . o0
1)l = | [ e et < [T o] [ de= [ o (23)
0 0 le—/ 0
This inequality holds for every w, therefore, max,, |H (jw)| < [;° |h(t)|dt. m

version: 2018.10.16. — 15:48:55 8 Lecture 5



2 FURTHER EXTRA MATERIAL

Hoo = 3.1625 (peak gain marked by red dotted line)

10 T T
z
= 51 i
PR i I M ART EE E EE R A
= = : e
b= H
£ -5 4
=
,10 | | |
0 — 11 T T
T -1 y
B
g ]
2 —2f NS i
a9
73 L L I L L I L L I
10~! 100 10t 10%

Figure 4. Bode diagram of system H(s) =

version: 2018.10.16. — 15:48:55

Impulse response, fom [h(t)|dt = 3.87062
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Computer controlled systems

Lecture 6

version: 2018.11.08. — 22:20:17

1 Block diagram algebra (Hatasvazlat algebra)

Resultant! transfer function computation (Ereds atviteli fiiggvény szamolasa)

Example 1.
1. What is the resulting transfer function G(s) =7 of — —(— SJ%l % —
Mi az eredd atviteli fiiggvény: G(s) =7
1
=
U Y
4’_@’ Gl(s) el (S)
THE RULE: L Ge(s) = 705 2 TG (1)
+ S S
GQ(S) 1 2
(s) = 34%1% B SJ%l s+2 1 s(s+1) s+2 0 s+42
- 1. 1 = & 1 - 2 T2
1+§-S+—1 Ss(l—ff) S s+1 s*+s+1 s sc+s+1
2. Give a possible state space realization for this transfer function!
Controller form:
. —a1 —ag . -1 -1 . 1
Gls) = ittty cmpr Ao S A s (2

=5
S +a18+a2 CC:[bl bz]:[l 2]

Observer form:
—al 1 -1 1 b1 1
AO: — N BO: =
)= e, H o=l b=l o
S Co=[1 0]

The next figure illustrates the behaviour of the system in case of the unit step function and a
sinusoid input function.

'ha valakinek van az “eredd” szora értelmesebb forditasa, kérem irjon: ppolcz@gmail.com



ppolcz@gmail.com

1 BLOCK DIAGRAM ALGEBRA

i 2 3 4 & & 7 8 9 1

. J

( Example 2.

1
H(s) = -
(s) = °
What is the resulting transfer function G(s) =7
1
< 1
G = S =
1
1
Gi(s) = S+11 =
L+ s+1 542

( Example 3.

What is the resulting transfer function G(s) =7

G(s) = i% _ s(s+2) _ s? +2s
1+%-§i—% s(s+1)+s+2 s24+2s+2

Theoretical questions (minimal computational effort is needed here)

Example 4. Given the following transfer function: H(s) = %. Determine whether H(s)
is stable or not!

Example 5. Compute the DC-Gain of H(s) = in dB.

s+2
544352410545

Example 6. (Computational problem)

Determine the transfer function Hy_,,(s) of the following feedback system:

Y1 U2

. Gi(s) ﬁ Ga(s)

Y3

Gs(s)

Y2
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1 BLOCK DIAGRAM ALGEBRA

( Example 7. Simple negative feedback

Transfer function:

Y(s)=H(s)(U(s) = Y(s))
Y(s)+ H(s)Y(s) = H(s)U(s)
(1+ H(S))Y(s) = H(s)U(s)
_ H(s) _ H(s)
YO =17mm?® = O =1mG
Using this simple negative feedback, determine whether the system is stabilizable or not, if
1. H(s) =1
1
s 1
=TT o

Yes, the system is stabilizable, since the resultant transfer function is stable.

2. H(s) = 5

5—
1
—5 1
G — s—2 _
() 1+ -1 s—1
s—2

No, the system is not stabilizable.

. J

Example 8.

Resulting transfer function:

(s) = — 1)
1+ KH(s)
b(s)
s :@ s) = als) = o)
H(s) CL(S)—>G() L+ KY%)  a(s) + Kb(s)

a(s)
Using this negative feedback with gain K, determine whether the system is stabilizable or not.
1. H(s) = ﬁ
1
53 1
G — s—3 —
S 7 e T

Therefore, if K > 3 the closed loop system is stable.

2. H(s) = 757110
1
G(S) s—10 _ 1

T4 R; s-10+K

Therefore, if K > 10, the closed loop system is again stable.
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2 CONTROL LOOP

1
G(s) = (5—-3)(5—2) _ 1

= ] 2
1+ K(s_3)(s_2) 54 —55+6+ K

This system is not stabilizable.

2 Control loop

—(y——| Controller: C(s) Plant: G(s)

Figure 1

e Control goal 1. (reference tracking): to eliminate the error signal e(t) = r(t) — y(t), namely
the output signal y(t) converges exponentially to the reference signal r(t). In other words, after a
while the output and the reference signal be the same.

e Control goal 2. (input disturbance reduction): To lower the transfer between the input

disturbance (or actuator fault) d(¢) and the output of the error signal e(t), namely: ‘583‘ be as

smaller as possible.

e Control (or manipulate) signal v(t): the necessary input signal computed by the controller for
reference tracking.

e Actuator fault

e The controlled system (Plant) receives the manipulate input u(¢) and generates the output signal
y(t)

e Physical example. Consider a DC motor. Let the input be the current intensity (aramerdsség)
given to the DC motor, and let the revolution of the motor (fordulatszam) be the output of the
DC motor. Then, the error signal will be the difference between the reference revolution and the
actual revolution of the DC motor.

Example 9. The control loop presented in Figure 1 can be consider as system with two inputs
(reference signal 7(¢) and input disturbance d(t)) and with a single output y(t).

(a) Determine the transfer function Hg_,,(s), which is the transfer of d(t) to y(t).

(b) Determine the transfer function Hg,(s), which is the transfer of d(t) to e(t).

2.1 PID controller

The objective of the PID controller is to eliminate the error signal e(¢) := r(t) — y(t), where r(¢) is the
reference signal, y(t) is the output of the system. In order to do this, the PID controller uses the following
signals:

e actual error signal e(t).

version: 2018.11.08. — 22:20:17 4 Lecture 6



2.1 PID controller 2 CONTROL LOOP

e integral of the error signal: fg e(r)dr. This constitutes the historical informations of the error
signal.

e derivative of the error signal: é(¢). This gives the actual trend of the error signal.
Therefore, the PID controller may contain the following three dynamical components:

e proportional component (P - proportional): u(t) = Kp - e(t) H,(s) = Kp
e integral component (I - integral): u(t) = Ky - fg e(r)dr Hy(s) = %1

S
e derivative component (D - derivative): u(t) = Kp - é(t) Hp(s)=s-Kp
Fontos megjegyezni, hogy a derival6 tag kauzalis volta miatt valés rendszerekben a derivald tagot egy
kozelit taggal helyettesitjiik.
Error

Present

Past Future

\

t t4+ Ty

Time
Figure 2

The transfer function of the subsystem (highlighted by the gray dashed box in Figure 3) is the following:
sK, + K1+ s*Kp
S

K
Hprp(s) = K, + ?I + Kps =

If we use only the P and I components of the PID controller:
K; sK,+ Ky

H :K _—=
pi(s) rt - .

,,,,,,,,,,,,,,,,

Figure 3
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2.1 PID controller

2 CONTROL LOOP

Example 10.

Let us consider the DC motor model, which we

n0.0s
mentioned previously: N R N oo SR S |
1
H(s)=———— 4 noar 1
() Ms? +bs+k ) O OO RO SR |
Let M =1,b=10¢és k=20 005 b i
Analyse the response of the system for the unit % .| ./ |
step function (sse Figure 5). We can see, that % wozl |
the limit at ¢ — oo of the output y(t) is much S AU SO O S S |
less than the reference signal. This error is called I A R S ]
static error. el o N ]
We put into the control loop a proportional term . ;
in order to reduce the static error and to obtain ! o ! _— )"5 ‘ £s
a shorter transient (faster rise-time and settling- )
time) Figure 5. Step response of the uncontrolled
Helyezziink a szabélyozasi korbe egy aranyos systen.
tagot, ezzel csokkentve a statikus hibat és Stop Fosponse
csokkentve a felfutasi id6t. 1 A ’
S O . S SN SN SO SRS SO NN U S _
T )
%ﬁ. H(s) | f
AT O O AN N |
Figure 4. Block diagram of the P controller. £ L S T S SO U SO WO NS S |
Transfer function of the resulting system: nal : 1
_— B el ]
Gls) = T = s )
]‘ + KPH(S) MS + bS + (k + Kp) DU 0.z 04 0.6 0.a 1 1.2 14 1.6 14 Z
Time (sec)

The step response of the system is illustrated in
Figure 6.

Figure 6. Step response with P controller:

Step Response

K, = 300.

We can see, that the transient time and the static error decreased significantly, however there appears
a large overshoot in the step response (the output of the system rises up to 1.3).

Lathato, hogy a statikus hiba és a felfutéasi id§ jelentGsen csokkent, ugyanakkor jelentds tallovés lett a
rendszervalaszban.
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3 TOVABBI GYAKORLO FELADATOK (TIPIKUS ZH FELADATOK)

H](S)

. Hp(s) —O— H(s) , [ - y
J ——O——" Hp(s) — H(s)
Hp(s) T

Figure 9. Block diagram of a PI controller.

Figure 7. Block diagram of a PD controller.

Step Response

Step Response
T

14
12 b
B N O SO SO i
@ 08 e, e T _ B : :
g L g4 ................. .................. ................. 4
§ DR Lo, ................. s L i : :
02 ................... ................. .................. ................. -
pablo R e T : | :
pll R S S ;
: ; : 0 05 1 15 2
0 i . i Time (sec)
0 05 1 15 2
Time (sec)
Figure 8. PD controller with K, = 30, K; = 70 Figure 10. PID controller with K, = 350,

K4 =50, K; =300
Source: http://www.engin.umich.edu/class/ctms/pid/pid.htm

\L

3 Tovabbi gyakorlo feladatok (tipikus ZH feladatok)

1. Adott a kovetkezo hatasvézlat:

() Hl(s) HQ(S)

7
LK ]

(a) Hy(s) = %, Hs(s) = H%, K =1, adja meg a G(s) eredo atviteli fiiggvényt! (2p)

(b) Hi(s) = £, Hy(s) = %, K = —4 vagy K = 2 értékre lesz az eredo atviteli fiiggvény
stabil? (3p)
(¢) Hi(s) = 22—, Hy(s) =7, K = 1, adja meg Hy(s)-t, igy hogy csak -tetszoleges- instabil

$24+55+6"
polusai legyenek az eredo rendszernek! (5p)

2. Tekintsiik a kovetkezo atviteli fliggvényt:
s+
H(s) =
(s) s34+ 152 + 543’
ahol [y és lo valos paraméterek. Létezik-e olyan véges erdsitésii linearis kimenet-visszacsatolas (azaz
u = —ky, ahol |k| < o0), amely aszimptotikusan stabilizélja a rendszert, ha I; > 0 és Iy < 07

Miért? (3p)

3. Mennyi lesz az az erdsitése decibelben az alabbi atviteli fiiggvénynek konstans bemenet esetén?
(2p)
s+1
H(s) = ————
¢ = S 05+ 10

version: 2018.11.08. — 22:20:17 7 Lecture 6


http://www.engin.umich.edu/class/ctms/pid/pid.htm

3 TOVABBI GYAKORLO FELADATOK (TIPIKUS ZH FELADATOK)

4. Minimumfézist-e a kovetkezo atviteli fiiggvény (Miért)? (2p)
(s+1)(s+3)

H(s) —
(5) §3 —3s24+2s5+1
5. Adott a kovetkezo linearis rendszer:
4 3.5 0
a=[3 5] =[]
cC=[1 0] D=0

(a) Adja meg a rendszer H(s) atviteli fiiggvényét! (3 pont)
(b) Adja meg a rendszer polusait! (1 pont)
(c) Stabil-e a rendszer? Pontos indokléas! (1 pont)

u 28 +A Y
s-3

1

S

(d)

Stabil lesz-e a visszacsatolt rendszer A = 0 illetve A = 0.25 értékek esetén (3p)?

6. Adott a kovetkezo hatasvazlat:

H3(s) j
r Yy
—  Hi(s) O Hy(s) O Hy(s)
K |

Adja meg a rendszer eredd atviteli fiiggvényét G(s)-t, ha Hy(s) =
-3 7

St Ha(s) = 7 (6 pont)

(Segitség: a gyoktényezos alak megtartésa elonyos a szamolés soran, illetve az egyes részrendszerek

kiszamitasa megkonnyiti a szamolast.)

%a Hj(s) = : Hj(s) =
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Computer controlled systems

Lecture 7, March 31, 2017

version: 2018.11.27. — 12:39:05

Exercises

We consider a simple pendulum mounted an a cart that can move horizontally:

M is the mass of the cart

m is the mass of the pendulum
2l is the length of the pendulum
[ is the distance of the pivot point from the pendulum’s cen-
ter of mass
F is an external force (input) acting on the cart
b is the damping factor
r is the (horizontal) position of the cart
7 =wv is the (horizontal) velocity of the cart
© is the angle of the cart (clockwise direction)
¢ =w is the angular velocity of the cart (clockwise direction)
¢ =0 unstable equilibrium point: if the pendulum’s center
of mass is exactly above its pivot point (is vertical and
pointing towards the sky)
@ =7 stable equilibrium point: if the pendulum’s center of

mass is exactly below its pivot point

This system has a nonlinear equation, which can be linearized in a certain operating point! (see Ap-
pendix). The state vector of the system is the following: x = (7" vop w)T, furthermore, the external
force F' constitutes the input of the system (u). The nonlinear model of the system is: & = f(x) + g(z)u,
where

v

1 (4ml sin(p)w? — 1.5mgsin(2¢) — 4bv) 1 fl
% (—%l sin(2p)w? + (M + m)gsin(p) + bcos(cp)v) —3cos(y)

where g = 4(M + m) — 3m cos(p)?. For the full derivation see Appendix. For each exercise, you can use
your own parameter configuration. Some examples are listed below.

(A) no friction (B) with friction (C) with friction + heavy rod
M= 05 kgl M= 0.5 kg M= 05 kgl
m= 0.2 kg m= 0.2 kg m= 10 [kg|
l= 1 |m] l= 1 |m] l= 1 |m]
g= 9.8 [m/s? g= 9.8 [m/s? g= 9.8 [m/s?
b= 0 [kg/s| b= 10 [kg/s| b= 10 [kg/s|
!munkapont



1. Linearized model around the stable equilibrium point (¢ = 7)

Linearized model around the operating point «* = (0 0 = O)T:
0 1 0 0 0
4b 3m
Ao 0 —mrem _4M+9m 0 . B- 1 4] o= 10 00 )
0 0 0 1 l(A4M+m) | 0 0 010
0 _. 3b _ 3(M+m)g 0 3
I(AM+m) 1(4M+m)

(ss,tf) 1.

(impulse) 2.

(step) 3.

(eig) 4.

(bodeplot) 5.

(nyquist) 6.

(1sim) 7.

(ode45b) 8.

(ctrb) 9.

(obsv) 10.

(

)

(null
orth) (b) Give the bases of the image space of Oy.

Determine the system’s transfer function:

Determine the impulse response of the system

Determine the step response of the system for both Hy,_(s) and Hy—,(s).
Determine the DC gain of the system.

Determine the poles of the system. Is the linearized model locally /globally /asymptotically stable?
What can we say about the original nonlinear system’s stability? How does the stability properties
change if we assume friction?

Determine the Bode plot of the transfer function H,_.,(s). Set the frequency unit to be in Hz.
Determine the own (or resonance) frequency (f,) of the system.

Plot the Nyquist diagram of H,_,(s).

Plot the output of the system if the input is u;(t) = A; sin(27 f;t), where
(a) fo=fr[Hz], A2 =1[N]  (b) fs=4[Hz], A3=20[N]  (¢) fi=0.1[Hz], Ay = 1[N]

Considering the Bode diagram, what is expected to happen in each cases? In certain cases, we shall
notice that the system’s motion is quite unusual, why?

Solve the linearized differential equation & = Ax + Bu with different initial conditions. The input
may be zero first, than you can use the values from the previous example.

Is the linearized model controllable?

Is the linearized model observable? How does this change if we measure only the angle of the rod
©.

(a) Compute the kernel (null space) of Oy.
(
(¢) Give the matrix T of the linear state transformation, which produces the observability staircase
representation:
()= 5) @) (&)
T A As) \Z2 Bs

=@ (3)

2. Nonlinear system simulation

11. Solve the nonlinear ODE (1) numerically, use the ode45 solver:

(a) o= (0 0 2 O)T, u(t) =0 (¢) xo =0, u(t) = sin(27 f,.t)
(b) zo=(0 0 % O)T, u(t) =0 (d) You can play with z and u(t) as you want
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3. PID controller design

12. Consider the following SISO model given by the transfer function:
52+ 35+ 2
(4)

Gl) = 3o —6s 13

(pzmap) (a) Determine the poles and the zeros of the system. Is the system minimum-phase?

(pidTuner) (b) Design a PID controller C(s) which provides stability and reference tracking.

D C(s) ) G(s) K; K 2+ K K;
_ C(S) — Kp"‘ o +Kd$ — ds + p8+ (3
S

(5)

S

Appendix

I. Linearize a nonlinear model around an equilibrium point

We have a nonlinear system in the following form:
&= F(z,u) = f(z) + g(z)u (6)
Let z* € R™ be an equilibrium point of the nonlinear system, which means that F(z*,0) = f(z*) = 0.

We assume that the system operates around this equilibrium point, and by default there is no input given
to the system. Therefore, we say that the system’s operating point? is (z*,u* = 0).

The Jacobian matrix of F(z,u) is

DIF(w,w)] = (2z) | 2 ) — (26l 4 24(e)y, | () (7)
The value of the Jacobian matrix in this operating point is
DIF(*,0)] = (2 | g(a) (®)

Now we estimate F'(z,u) by its first order Taylor polynomial around the operating point:

Flz,u) ~ w +DI[F(z",0)] (Zi%)

Py~ I ) gau
Hence, the linear model is
)
&= A(x — 2*) + Bu, where ' oz (10)
B:=g(z")

There’s only one more thing left, we need to center the system. We introduce the centered state vector
Z := x — z*. Therefore, the time derivative of the transformed state vector will be:

r=2=A(x —2*)+ Bu= AZ + Bu (11)

Finally, we obtained the centered linearized model:

| 0G)
T = AZ + Bu, where ' Ox (12)
B := g(z")

2munkapont
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I1. Derivation of the inverted pendulum’s equation

The equation of the inverted pendulum is the following:

(M 4+ m)& 4+ milg cos(¢) — mlp?sin(p) = F

) 4 . : (13)
ml cos(p) + gml ¢ —mglsin(p) =0
The nonlinear state space equation of the inverted pendulum:
=0
.1 . 2 . 4
b = = (4mlsin(p)w? — 1.5mgsin(2p) — 4bv) + —F
o q (14)
Y =w
l
W= Z(—n; sin(2¢)w? + (M + m)gsin(y) + bcos(go)v) - 3032(('0)
where ¢ = 4(M + m) — 3mcos(p)?. Let the state vector be z = (z v ¢ w)T.
Y 0
2 <4ml sin(p)w? — 1.5mgsin(2¢) — 4bv> 1 4]
— q —
% (—%l sin(2p)w? + (M + m)gsin(p) + bcos(gp)v) —3cos(y)
Linearized model around the stable operating point z* = (0 0 m O)T:
0 1 0 0 0
0 4 __3mg 0
A IMTm I tm . B= 1 41 o= 1 000 (16)
0 0 0 1 I(AM +m) | O 0010
0 _._ 3b _3M+tm)g 3
I(AM+m) 1(4M+m)
Linearized state space model around the unstable operating point z* = (0 0 0 O)T is:
0 1 0 0 0
0 — 4b __3mg 0 1
A— IM+m  IM+m . B= 4 o 1000 (17)
0 0 0 1 I(A4M+m) | 0 0010
0 3b 3(M+m)g -3

I(AM+m) 1(dM+m)

ITI. A simple control loop (SISO)

reference input
input disturbance (eg. wind, noise, fault of the actuator, etc.)
control input computed by the controller C(s)
output of system G(s)
error: difference between the reference input r and the output
Yy
We derive, how the reference input r and the input disturbance d influence the output of G(s):
y=Gls)(u+ d) = G(s)(u+ C(5)(r — )
= G(s)d+ G(s)C(s)r — G(s)C(s)y

G G($5)C(s)
Y14 G()C6) " T 1+ G)00)

T

o & Qa3

(18)

In general an actuator® has a limited power, and it cannot perform arbitrarily large control input w.
Therefore, during the controller design, we need to consider what would be the actual control input (u)
determined by the controller C(s). From the closed loop system, we can derive the transfer function

3eg. in case of the inverted pendulum the actuator could be the DC motor of cart
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describing the influence of » and d on the control input u:
u=C(s)(r—y)=C(s)(r — G(s)(d+u))
= C(s)r = C(s)G(s)d — C(s)G(s)u

C(s)
T oeeE T T om0

u =
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Pole-placement controller

Pole-placement controller based on Bass-Gura formula

[K = (a- a)TfIC‘lj

where « is the expected (prescribed) characteristic polynomial of the closed-loop system, a is the charac-
teristic polynomial of the original (uncontrolled) system, C is the controllability matrix, finally 7} is the
following Toeplitz matrix:

1 a1 az -+ ap—
. 0 1 ay - Ap—2
T = 0O 0 1 --- ap-3

Example 1. Design a pole-placement controller for the following CT LTI SISO system:
2 =2 1
A:(O 1) B:(2> cC=(1 1)

a(s) = s* — 35 +2

a1:—3

Solution.

ay = 2
The prescribed characteristic polynomial (¢.(s)):
as) = s* +3s+2
o1 =3
oy =2

A Toeplitz matrix and the controllability matrix in this case are
(1 a1\ _ (1 =3 (1 =2
i=(0%)=673) =G 7)
(1 3 a_1/2 2
= <o 1 C =621

Than the static state feedback will be the following:

K= (3-(-3) 2—2)((1) i’)é(i ?)z(—zl 5)




Ackermann formula

(7 =100 011C;6.(4) |

where ¢.(s) is the prescribed characteristic polynomial of the closed-loop (controlled) system. In the

previous example, it was denoted by a(s) = ¢.(s).

Example 2. Design a pole-placement controller for the following CT LTI SISO system:
2 =2 1
A:<01> B:<J C=(1 1)

1 -2 1 1
CQZ(B AB): 9 9 —>CQ = _37

Legyen A\ = —1 és Ao = —2.

Solution.

O o=
N4

Ge=(5—M)(s— X)) =" +3s+2

12 —12
¢AA):A2+3A+2I:(O 6)

k=0 (5 (5 )=

6

Check
2 =2 1 6 —7
aemi= (5 7)) 9= )
det(A\] — (A — BK)) = A2+ 3)\+2
Namely, the poles of the obtained closed-loop system are indeed the prescribed values.

Example 3. Design a pole-placement controller for the following CT LTI SISO system:
2 -1 1
A_<3_9 B_<0 C=(1 1)
C:(B AB): 12 el = 1 _%
2 0 3 2 0 3

de = (5+A)(5+ \y) = 8%+ 35 + 2

Solution.
Let A1 = —1 and Ay = —2.

9 -3
mm:ﬁ+m+ﬂ:@_J

-0 H)E Do o

Check:
2 -1 1 -1 0
a-o=(3 )= ()e -5 %)
det(A\] — (A — BK)) = A2 4+3X\+2
Indeed, the poles of the closed loop system are the prescribed values.
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Example 4. Given the following CT LTI SISO systems
T = 20 T+ 0 U T = 20 T+ 2 U
1. 9 -3 3 2. 9 -3 3
Y= (1 1) x Y= (1 1) x

Design a state feedback controller (if it is possible), that stabilizes the system!

\. J

Example 5. Given the following CT LTI SISO system H(s) = 522-:%6'

1. Is the system asymptotically stable?

2. If it is possible, design a controller, that shifts the system’s poles to p1 = —3 and py = —5! Hint:
controllability normal form.

Linear state observer design

Goal: computation of the values of the non-measured state variables of the system using the observed
output.

The dynamical system

di
a%:F%+Ly+Hu
is called a full order state observer, if the error dynamics e = x — & tends to zero, i.e. tlim e=0
—00
In case of an LTI system:
= Az + Bu
y=Cx

é=i—4=Ax+ Bu—Fi— Ly— Hu+ Fx — Fz =
=Arxr+Bu—Fit—LCr— Hu+ Fx — Fz =
=(A-LC—-F)z+(B-H)u+Fla —%)=(A—LC —F)x+ (B— H)u+ F(e)

Let F=A—LC and H=1B

Than é = Fe

We require that the system be asymptotically stable, namely the real part of the roots of the characteristic
polynomial det(sI — (A — LC')) be negative.

det(s[ — (A — LC)) = det(s[ _ (AT o CTLT))

We can observe that the state observer design can be traced back to a pole placement problem of (A’, B),
where A’ = AT B’ = CT | and the result (K) of the pole placement should be interpreted as L = K7
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Example 6. Design a state observer for the following CT LTI SISO system

-3 1 1
A:(2 _1> B:<_1> C=(0 1)
Solution.

Let the characteristic polynomial of the closed-loop system: ¢,(s) = (s + 3)(s + 3)
In order to use the Ackermann, formula we should substitute A’ = AT into ¢,(s):

ool) = (3 o)

If B = CT, the obtained controllability matrix for (A’, B') (which is actually the transpose of the
observability matrix of (A, C)) is:
%=1 5)

@ = (1 o)

Finally, we compute the feedback gain K:

K=(0 1) Gg é) @ g):(l 2)

et (3) reace=(F8) = (1)

. J

Its inverse will be:

From this:

Example 7. Design a state observer for the following CT LTI SISO system

A:G _12> B:G) C=(1 0

\. J

Example 8. Design a state observer AND a stabilizer state feedback controller for the following CT

LTI SISO system.
2 -1 1
A:<3_» B:<0 c=(1 0

Separation principle: the observer gain L and the feedback gain K can be designed separately.

. J
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Optimal state feedback controller - LQR controller design

We want to minimize the following functional:

2
where Q and R are positive definite symmetric matrices. In case of LTI systems this problem can be
traced back to a CARE (continuous-time algebraic Riccati equation):

1 (T
J(x,u) = / 27 Qz 4+ uT Ru dt
0

[KA +ATK — KBR'BTK +Q = 0]

The system can be stabilized with the u = —Gx state feedback, where

[G = R—lBTK]

Example 9. Design an optimal LQR controller for the following system: & = 2x+4u,i.e A =2, B =1.
Solution. We minimize the following functional:

1
J:2/5x2+u2dt

meaning that in our case @ = 5 and R = 1. In this case (first order system — only one single state
variable) the CARE will have the following form:

~K?+4K +5=0
The solutions for K are 5 and —1. By definition, we should choose the positive one, otherwise, we
obtain a positive feedback.
G=1-1-5=5

Finally, the computed state feedback: v = —5zx.

L J
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Inverted pendulum model

We consider a simple pendulum mounted an a chart that can move horizontally:

M is the mass of the chart

m is the mass of the pendulum
21 is the length of the pendulum
l is the distance of the pivot point from the pendulum’s cen-

ter of mass

is an external force (input) acting on the chart

is the damping factor

is the (horizontal) position of the chart

is the (horizontal) velocity of the chart

is the angle of the chart (clockwise direction)

is the angular velocity of the chart (clockwise direction)
unstable equilibrium point: if the pendulum’s center
of mass is exactly above its pivot point (is vertical and
pointing towards the sky)

stable equilibrium point: if the pendulum’s center of
mass is exactly below its pivot point

= o

=.
<
4

<. S
Il
o €

hSS
Il
)

This system has a nonlinear equation, which can be linearized in a certain operating point! (see Ap-

pendix). The state vector of the system is the following: = = (r vo@ w)T, furthermore, the external
force F' constitutes the input of the system (u). The nonlinear model of the system is: @ = f(z) + g(z)u,
where

v

1 (4ml sin(¢)w? — 1.5mgsin(2¢) — 4bv) 1 fl
f((L') = ! w ) g(.%') - E 0 (1)
3 (f%l sin(26)w? + (M + m)gsin(¢) + bcos(¢)v) —3 cos(¢)

where ¢ = 4(M +m) — 3m cos(czﬁ)z. For the full derivation see Appendix. For each exercise, you can use
your own parameter configuration. Some examples are listed below.

(A) no friction (B) with friction (C) with friction + heavy rod
M= 05 ke M= 05 [k M= 05 ke
m= 0.2 kg m= 0.2 |kg| m= 10 [kg|
I=1 [m] l= 1 |m] I=1 [m]
g= 9.8 [m/s? g= 9.8 [m/s?] g= 9.8 [m/s?
b= 0 [kg/s| b= 10 [kg/s| b= 10 [kg/s|
!munkapont



Linearized model around the unstable equilibrium point (¢ = 0)

Linearized state space model around the unstable operating point z* = (0 0 0 O)T is:

0 1 0 0 0
4b 3m
A= 0 —Irfm _4M+gm 0 B_ 1 41 c— 1000 @)
0 0 0 L I(4M+m) | 0 [~ 0010
0 e Srims -3

IAM+m) 1(dM+m)
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Exercises

1. Simulate the motion of the inverted pendulum in Simulink, use the original nonlinear model of
the system.
Instructions.

e Using the Simulink’s “MATLAB function”, you can implement the equation & = f(x) + g(x)u
as a Matlab function dx = invpend(x,u) with two input arguments (the state variables x € R*
and input v € R) and a single output argument (i € R* the time derivative of z)

e The time derivative of & is fed back through an integrator (see figure below).
e In order to plot the result, use the “Scope” block diagram.

e If you want to export the numerical values to the Matlab’s global workspace use “To Workspace”
block.

e The initial value of the system can be given as the initial value of the integrator: open the
“Block Parameters” dialog of the integrator.

Integrator

X 1 dx
;4

X

u dx
0 U invpend

Constant MATLAB Function
dx = f(x)+g(x)u

2. Design a state feedback gain in Matlab for the (linearized) system, which

(a) translates the poles into {—1, —2,—3, —4} (or into arbitrary stable poles).
(b) minimizes the functional J(z,u) = [;~ 27 Qx + w" Rudt, where Q = I and R = 1 (LQR
design).

3. Apply the state feedback gain on the nonlinear model, and simulate it in Simulink.
Instructions.

e Use the “Gain” block of Simulink, open its “Block Parameters” dialog, and type there the value
of the obtained K.

e Be aware that the multiplication rule is set to be “Matrix(K*u)” (i.e. matrix by matrix
multiplication).

Inverted pendulum

Integrator
X 1 dx

S

P x

4 o
+_ U invpend
u

MATLAB Function
dx = f(x)+g(X)u

feedback-gain
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4. In practical applications the actuator has a finite power to act on the system, so it cannot execute
arbitrarily large input values. Simulate this saturation effect in Simulink using the “Saturation”

block.

Inverted pendulum
Integrator
|

dx
s ‘*‘

X J
4 dx
)@ u invpend
u

MATLAB Function
dx = f(x)+g(x)u

Saturation feedback-gain

S <&

5. Design a stable state observer in Matlab for the (linearized) system.

6. Simulate the nonlinear system with the existing static feedback of the observed state vector Z.

e Optionally, you can add Gaussian noise to the input (actuator noise) or to the output (sensor
noise). Use the “Gaussian Noise Generator” block.

State-observer

Inverted pendulum
Integrator
X 1 dx
s B
>‘K*y
P x c
dx |—
+_ Piu invpend
u
MATLAB Function
dx = f(x)+g(x)u
Saturation feedback-gain
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Appendix

I. Linearize a nonlinear model around an equilibrium point

We have a nonlinear system in the following form:
&= F(z,u) = f(z) + g(z)u (3)
Let z* € R™ be an equilibrium point of the nonlinear system, which means that F(z*,0) = f(z*) = 0.

We assume that the system operates around this equilibrium point, and by default there is no input given
to the system. Therefore, we say that the system’s operating point? is (z*,u* = 0).

The Jacobian matrix of F'(z,u) is

OF (z,u OF (z,u _ [ 0f(x dg(x
DIF(zw)] = (2520 | 2552) = (%52 + 24 | g(a) @
The value of the Jacobian matrix in this operating point is
DIF(a*,0)] = (2 | g(a)) (5)

Now we estimate F'(x,u) by its first order Taylor polynomial around the operating point:

N , u—0
0 (6)
F(x,u) ~ afa(z )(93 —z%) 4+ g(z)u
Hence, the linear model is
| )
&= A(x —2%) + Bu, where ' oz (7)
B = g(a)

There’s only one more thing left, we need to center the system. We introduce the centered state vector
Z := x — x*. Therefore, the time derivative of the transformed state vector will be:

T=1=A(x —2*) + Bu = A% + Bu (8)

Finally, we obtained the centered linearized model:

o 0F)
7= AT + Bu, where ' oz 9)
B g(")

II. Derivation of the inverted pendulum’s equation

The equation of the inverted pendulum is the following:

(M +m)i + migcos(¢) — mig?sin(¢) = F

4 .

mli cos(¢) + ngng —mglsin(¢) =0
The nonlinear state space equation of the inverted pendulum:
T =
.1 . 9 . 4
v = = (4mlsin(¢)w” — 1.5mgsin(2¢) — 4bv) + —F

q

! (11)

b=
w= Z(—n;l sin(2¢)w? 4 (M + m)gsin(¢) + bcos(¢)v> - SCCZ)Z(QS)F

2munkapont
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where ¢ = 4(M + m) — 3mcos(¢)?. Let the state vector be z = (z v ¢ w)T.

v
0
i <4ml sin(¢)w? — 1.5mgsin(2¢) — 4bv> 1 4]
_ q _
%(—%l sin(2¢)w? + (M + m)gsin(¢) + bcos(qb)v) —3cos(¢)
Linearized model around the stable operating point z* = (0 0 m O)T:
0 1 0 0 0
0 4 __3mg 0
A IMEm I tm . B= 1 4l o= 10 00 (13)
0 0 0 1 I(AM+m) | O 0 010
0 _. 3b _3M+m)g 3
I(4M+m) I(4M+m)

Linearized state space model around the unstable operating point z* = (0 0 0 O)T is:

0 1 0 0 0
4b 3
A |0 T om0 L 4l o=t 000y gy
0 0 0 I (A4M+m) | 0 [~ 0010
0 3b 3(M+m)g -3

I(4M+m) 1(dM+m)
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