Analizis II. 1. CSORGO 9. HET

1. Csorgd 9. hét

1.1. feladat
f(z,y) = sin (2* +y°)
Legyen x = rcosf,y = rsinf, ekkor D(r,0) = r. Az integral

Lo 1 1
// sin (a?2 + y2) d(z,y) = / / rsinr? dfdr = —7wsin? =
R o Jo 2 2

fla,y) = 2% +y°
Legyen = rcos 8,y = rsinf, ekkor D(r,0) = r. Az integral

27 260
// (z® +y?) d(z,y) = / / r3drdf = 247
R o Jo

flx,y) =2 + 4
Legyen © = rcosf,y = rsiné, ekkor D(r,0) = r.

//R(x2+y2)d(x,y):/02/0%7“3d0dr:87r

1.2. feladat

1.3. feladat

(0,0) kézéppontu kor

(2,0) kézépponta kor
2 27
/ ((z+2)° +y°) d(z,y) = / / (r® + 4r% cos + 4r) df dr = 247
R o Jo
(0,2) kbézéppontu kor
2 27
/ (2 + (y+2)?) d(@,y) = / / (r® + 4r%sin 0 + 4r) df dr = 247
R o Jo

1.4. feladat

A teriilet kiszamitasahoz bontsuk a tartomanyt két norméltartomanyra. Legyen
V3 1
€0, —|,z€ |—=y,V3 U
y [ 5 [T E | Y V3y

13 V3
=2 X2 V/1—(x—172]| .
x6[2,2],y6{27 (z )]}
Ekkor a tartoméany teriilete

BBy 3 pV1-(z—1)? .
//dR:/ / dzdy+/ / dydr = —.
R 0o Jy 1/ 6

R= {(I,y) €R?

U{(x,y) € R?
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1.5. feladat
A feladat az

kett6s integral kiszamitasa.

//w2+y2=1 (4

1.6. feladat

// (4-y*) d(z,y)
x2+y2:1
/ / vi-z? 15
d(z,y)
1— .’,82 4

dydx = —

flz,y,2) =20 —4y+62—3  R=1[0,2] x [0,1] x [0,3]

flz,y,2) =x—2y+4z R= {(m,y,z) ER?".’EE [0,1],y € [0,1 —

1.6.1. a)
//‘ f(aj7 y’ Z) x y?
R
1.6.2. b)
// f(x7y’ Z) x y’
R
1.6.3. c)
fla,y,z) =" + 2y + 2°
// f(z,y,2)d(z,y,2
R
1.6.4. d)

ﬂ;ﬂ%%@ (21,2

flz,y,2) =2° +y?

1.7. feladat

Attérve hengerkoordinatakra

R = {(r,ﬁ,z) cR?

Ekkor az integral

/// (22 — 4y + 6z — 3)dzdydz = 36

m],zG[O,l—x—y]}

11—z l—z—y
// / x—2y+4z)dzdydx—§

R= {(x,y,z) €R3

2—x
4
/// x+2y+z)dzdydx—§0

2,y €1[0,2],2 € [O,Q—x]}

R— {(x,y,z) —e Rg‘x €[0,1],y € [0,2],z € [0,x+y]}

Ny

R={(w,y,2) € R*[a® +4* € [0,4],z ¢ [0.8]}

1 .
etV dzdyde = g(e —1)3(e +3)

re0,2),0 € 0,27,z € [0,8}}.

2 p2m 8 2 2 8
/// (r2 cos? 0 + r? sin® H)Td(r, 0,2) = / / / r3dzdodr = / r3 dr/ dé)/ dz = 64r.
/ o Jo Jo 0 0 0

2017. december 6. 14:29

2 Vaghy Mihéaly



Analizis II. 1. CSORGO 9. HET

1.8. feladat
Sy =at+y? R={(ny2) eR¥|s e 0, M2 +4? € [0,M(1 - 2)]}

Attérve hengerkoordinatakra

R = {(r,e,z) e RB“G € [0,27], 2 € [0, M],r € [0, /M(1 - 2)] }

Ekkor az integral

27 oM py/M(1-2)
// (r* cos® 0 + r?sin® ) r d(r, 0, 2) = / / / r3drdzdf =
/ o Jo Jo

V/M(1-=z)

1 M
:f7r/ r

M

1 1 1 1. .
dz:§M2ﬂ(22—2z+l) ZEMST—§M47T+§M37T-

0

1.9. feladat
f@y,2) =atyz R={(0,9,2) €R|e,y,2 2 0,a% + % + 22 € [0,1]}

Attérve gombi polarkoordinatakra

R = {(r,@,gp) cR?

rel0,1],0,¢ € [0, ;T} }

Ekkor az integral
/// 72 cos? @ sin or sin @ sin r cos pr? sin pd(r, 0, ) =

L rs 3 1 3 3
:/ / / r6COSQGSin951n4<pcosg0d<pd9dr:/ r6dT/ COSQQSiHQdQ/ sin? pcospdp =
o Jo Jo 0 0 0
1

T 105

1.10. feladat

Az R sugart 2« nyiasszogt gombcikk térfogata

R (&3 ™ 4
/ / / r?sinpdedfdr = - R3a.
0 —a JO 3
1.11. feladat

// (27 —22% — 22 —2? — y2) d(z,y) = // (27 — 32?2 — 3y2) d(z,y) =
T2 4y2=27—2x2—2y2 z2+y2=9

3 2T 2,
= / / (27r — 37"3) dodr = —377
0o Jo 2

1.12. feladat

o(r,y) =R—y

A tomegkozéppont koordinatai

v [ Jrzel@y)dy) [l yole,y) d(z,y)
Mol y)d(z,y) 7 [f7 ol y) d(z,y) )
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Analizis II. 1. CSORGO 9. HET

1.12.1. a)

T = {(x,y) € RQ‘HJQ +y’e [OvRQ}}

R pon R
// g(x,y)d(m,y)z/ / (R—rsiné))rd(‘)dr:/ Rr +r? cos 0
T o Jo 0

R
= Rr
0

R 2m
// zo(x,y)d(z,y) = / / rcosf(R — rsinf)rdfddr =
T o Jo

R 2
:/ / (Rr?cosf — r®sinfcos0) dfdr = 0
o Jo

R p27 R 2w
// yo(z,y)d(z,y) = / / rsinf@(R — rsinf)rdfdr = / / (Rr?sing — r®sin® ) do dr =
T o Jo o Jo

1
== —1R47T

2m

dr =

0

R
:/ 2Rrmdr = Rr*m
0

Ebbdl a tomegkdzéppont

1.12.2. b)

T = {(a:,y) € RQ‘y € [0,R], 2% +y* € [O,RQ]}
dr =
0

R T R
// o(z,y)d(z,y) = / / (R—rsin®)rdfdr = Rr6 4 r* cos 0
T o Jo 0

R 1, 1
:/ Rrrdr = =Rr’n| = -R3n
0 2 2

0

R ,m
// zo(z,y)d(z,y) = / / rcosf(R —rsinf)rdfdr =
T o Jo

R T
= / / (Rr2 cos 0 — 3 sin 6 cos 9) dédr =0
o Jo

R ,m R ,m
// yo(z,y)d(z,y) = / / rsinf(R — rsinf)rdfdr = / / (Rr®sin® — r®sin®0) df dr =
T o Jo o Jo

1
= —§R47T

1
(o 1x)

Ebbdl a tomegkozéppont
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Analizis II. 1. CSORGO 9. HET

1.12.3. c)

= {’y(t) = (costsint)‘t € [0,71’]}

/ o(z,y)d(z,y) = / o(R cost, Rsint)\/R2 sin®t + R2cos2tdt = / (R — Rsint)Rdt = (1 — 2)R?
r 0 0

/ zo(z,y)d(x,y) = / Rcost(R— Rsint)Rdt =0
r 0

U

/ yo(,y) d(z,y) =
I

Ebbdl a tomegkézéppont

Rsint(R—Rsint)Rdt:/ R3sint — R3sin?t = (2—72T>R3
0 0

4 —7
M <O7 2/7T_4R) .
1.13. feladat

T ={(z,y) ERQ‘xQ +y° € [0,R*],y € [O,R]}

A tomegkozéppont koordinatai

v [ Hrzel@y)d(z,y) Jlryolw.y)da,y)
Mo y)d(z,y) * [[;eolz,y)d(z,y) )

1.13.1. a)

o(w,y

)=k
R T 1
// Q(x,y)d(%y):/ / krdfdr = ZkR%*m
T 0 0 2
R ™
//QCQ(%Z/) d(z,y) =/ / kr?cos0dodr =0
T 0o Jo

R ,m
2
//w(ﬂc,y)d(x,y):/ / kr?sinf df dr = kR
T 0o Jo 3
4
M(0,—=R).
=N

o(z,y) = kv/2? + y?

R T
// o(z,y)d(z,y) :/ / k2 d0dr = 2kRP
T 0 0 3
R T
// zo(x,y)d(z,y) = / / kr3cos@dodr =0
T 0o Jo

R T
// yo(z,y)d(z,y) = / / ki3 sin @ df dr = 1kR4
T o Jo 2

3
(o L)

Ebbdl a tomegkozéppont

1.13.2. b)

Ebbdl a tomegkozéppont
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1.13.3. c)

o(z,y) = kly|

// (z,y)d(z,y) / / kr?sin@df dr = kR3
// zo(z,y)d(z,y) = / / kr®sin @ cos6df dr =0
T o Jo
R ,m 1
// yo(z,y)d(z,y) = / / krdsin?0dfdr = ~kR'r
T o Jo 8

3
M({0,—R|.
(’1671’)

Ebbdl a tomegkozéppont

1.14. feladat

o(r,0) =k T:{(T,9)6R2

1 1
NS {677,377}7" € [O,2c050]}
% 2cos 6
// (r,0)rd(r,0) / / krdrdﬂfgk

ix 2cos0
o’ —
// rcos fo(r, 0)rd(r,0) /3 / kr? cos@drdd = T\/gk

% 2cos 6
//rblnﬁgr@rdr@ / / kr? bln@drdﬁ—gk‘

u(Zp8.2)

Ebbél a tomegkdzéppont
ot w

1.15. feladat
T = {(x,y) E]RQ‘xe [0,v/1—y?—22],y€[0,V1-22],z€ [0,1]}

o(r,y,2) = wyz

/// o(x,y,2)d(z,y, 2)
T
integrallal kaphatjuk meg.

L rs r%
/// o(z,y,2)d(z,y,z /// xyzd(z,y, 2 / / / 79 sin® ¢ cos p sin 6 cos
T o Jo Jo

TR

A nyolcadgémb témegét az

Odedfddr =
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Analizis II. 1. CSORGO 9. HET

1.16. feladat

o(r,0, ) = kr|cos ¢ T = {(r,&,gp) eR3re [0,3],0 € [0,27],p € [0, g} Bigg}

3 27 5 81
/// o(r,0,)r?sinpd(r, 0, p) = / / / kr3sin g cos pdpdf dr = —kr
T o Jo Jo 4
3 pr2m 5
/// rsin pcosfo(r, 0, o)r? sinpd(r, 0, ¢) = / / / Ekr* sin? o cos p cos @ dp df dr = 0
T o Jo Jo
3 27 5
/// rsinpsin@o(r, 0, o)r? sinpd(r, 0, ) = / / / Er* sin? o cos psin 6 dp df dr = 0
T o Jo Jo

3 2 z
162
/// rcos o(r, 8, p)r?sinpd(r, 0, ) :/ / /2 kr# sin ¢ cos® pdp df dr = %Im
T o Jo Jo

Ebbél a tomegkdzéppont
8
M(0,0,-|.
(003)

Fley) =) T={(-11)-23)}

Vegyiik észre, hogy a vektormezd potencidlos, potencidlja f(z,y) = zy igy

/F F(r)dr =T.

1.17. feladat

1.18. feladat
F(z,y) = (2% = 2zy,y* — 2zy) r= {V(t) = (t,tz)‘t € [0, 1]}

/FF(P) dr = /01 (2 —23¢* —2%), (1,2t) ) dt = _%

1.19. feladat

F(z,y) = (332 + 92, 22 —y2) I'= {fy(t) =(t,1—11 —t\)‘t € [0,2]}

/FF(r)r:/01<(2t2,0),(1,1)>dt+/12<(t2+(2—t)2,t2—(2—t)2),(1,—1)>dt:

4
3

1.20. feladat

r+y T—yY .
F(z,y) = <x2 FRpwAp +y2) I'= {W(t) = (Rcost,Rsmt)‘t € [0,277]}
/F(r)dr—/% lcost—l—lsint lCost— lsint Rsint, Rcost | )dt =
r Jo R R "R R ’ ’ -
2m

= (COSQt—Sith—QSintCOSt)dtZO
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1.21. feladat
F(z,y) = (¢®y —zy) I'= {v(t) = (£3,1%) ‘t elo, 1]}

19

/FF(r)drz/0 (10, —47), (3¢%,4%) ) dt = — =

1.22. feladat

F(z,y,2) = (y+ =, —z?, —4y?) I'= {’y(t) (t, t2, t4) ‘t € [0, 1]}

1
/F(r) dr = / (2 + 1, =12, —4t®), (1,2t,4¢%) ) dt = 13
r 0 10

1.23. feladat

1.24. feladat

te[l,Q]}

Vegyiik észre, hogy F' potenciélos, potencidlja f(z,y,z) = 322 + 1¢y* — 22%. Ekkor

1 75
/FF(r)dr:f<4,2,2> - f(1,1,1) = 5
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