TEST 1

Q1. In the set M = N, (the set of natural numbers), it is not possible to define

normu. l

Q1.03n the set M = N, (the set of natural numbers), it is not possible to define

metric. :F

Q1. (V, |- |]) is a normed space. Then ||z|| = || — z|| for all z € V. T

QL (V; ]| - [I) is a normed space. Then |lz]| = [y = 2=y F

Q1. (M,d) is a metric space, x € M is fixed. Then d(z,y) = d(z,2) = y=

Q2.

Q2.

Af(V, (-, ) is complex inner product space, then always Jv,w € V such that

(v,w) = 1.

. (M,d) is an arbitrary wetric space. (z,) C M is a convergent sequence,

lim z, = x3. Then AN such that x, = 29 Yn > N.
n—»00

. (M,d) is a metric space. (z,) C M is a convergent sequence. Then 3In, m such
b (=)

that z, = x,,.

(M,d) is a metric space. (x,) C M is a convergent sequence, lim z, = x.
n-»n0

Then a,, := d(z,,xy), n € N is a convergent sequence in R.

Let (V,(-,+)) be an inner product space. Then (v,w) =0 <= v = 0or

w = (.

3 Check whether the following formulas define norm in R?, where (z;, z2) € B2,
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[[ (o, w2)lla = ||| + [Baal]. ({2, x2)lls = ||| — |32

If it is a norm, some more questions:

1. What is the induced metric? What is the distance between (1,2) and
(-2,1)7
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Normed space

2. Sketeh some elements in R? with unit length.

Goal: defining length in ar

V alinear space over K. (

The normisa | -||: V =

1. |lv| = 0, nonnegative

2. |vl=0 <<= v
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Q3 Check whether the following formulas define norm in R?, where (z1, z2) € R2..

7 |;||(x1,:v2)||4= [3z1| — [F22]|-
not norm, i. e. X1=2, Xo= 3

If it is a norm, some more questions:

(w1, z2)|e = |[321] + 222

1. What is the induced metric? What is the distance between (—1,2) and
{—a. 1

2. Sketch some elements in R? with unit length.

Q3 Check whether the following formulas define norm in R?, where (21, z2) € R2.

Ell(arl,:vz)llﬁ 1221] — |zal|,  [[(z1, 22)[lo = [1221] + |22 |-
not norm, i. €. X1=1, Xo=2

If it is a norm, some more questions:

1. What is the induced metric? What is the distance between (—1,3) and
(—2,1)?




TEST 2

Questions: Is it true or not?

Q1. Every inner product induces a metriﬁ I

Q1. Let us consider z = (zy,xa,...,%,,...). If there are only finite number of
K 3
non-zero coordinates, then z € 7 for all p > 1. '

Q1. Let f:[0,1] = R be a continnous function. Then || f||» can not be the same

as |1 £l

Q1. Let f:[0,1] = R be a continuous function. Then || f||. might be the same as

Il T

Q1. Let (V,{-,-)) be an inner product space. Then ?

(v,w)=0 <= (w+wv+w)=0.

Questions: Is it true or not?

Q2. Ifx € and y € 2, then = + y € £' for sure. ‘F'
Q2. If x € ¢ and y € £, then z + y € & for sure. ;

Q2. Let z = (1, 29,..:, Zy....) with 2, >z, for all n > 1. Then x, ¢ 7 for any

finite p. ’

Q2. (V,||-]]) is a normed space. If ||z]|* + |[yl|* = ll= + y||* for all z,y € V. then
this norm can be derived from an inner product ?

Q2. Let 2 € £'. Assume ||z]|o < 1. Then |lz|l; < 1 too. ?



Q3 1. What is the smallest p number s.t. z,y € 7:
& =(L Yol g ={=1 12", i)
What is their distance in this 7 space?

2. Let us consider the function space C[0, 7]. Why do the following functions
belong to this space?

f(z) =sin(2z),  g(z) = 2%
Compute || f]lo and ||g||2-
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Q3

Q3

. What is the smallest p number, s.t. x,y € 7:

smallest p: o

z=(2,-2,....2-D"%...), wy=(,1,...1,...)

What is their distance in this @ space? distance: 3

. Let us consider the function space C[—1, 1]. Why do the following functions

belong to this space?
1

flz) = m.
Compute ||gllo and {f, g). [y

glz) =1+ %

- What is the smallest p number, s.t. z,y € . smallest p: 1

z=(1,1,...,1,0,...), p=(=1,-1,:--—1,0,...),

where after the first 100 elements all coordinates are (0. What is their
distance in this 7 space? distance: 200

. Let us consider the fanction space C[0,1]. Why do the following functions

belong to this space?
f(x) = sin(xx), g(z) = (x + 1)

Compnte || fllo and ||g||2.



TEST 3

Questions: Is it true or not?

Q1. Union of finite number of compact sets is always compact. o __~
Q1. The intersection of two compact sets is always compact. Lo
Q1. A set with countable number of vlvnwnt:hs always compact. *

Q1. The complement of a compact set is open. /

Q1. The complement of an open set is compact. >< S

Questions: Is it true or not?

Q2. The dimension of € 7 is p for all p > 1. -4\/

Q2. An open set might be compact.

I—/
Q2. In an infinite dimensional (V. ||-]|) space there is no compact set. X

Q2. If 1 < p < ¢ < o0, akkor dim(#7) < dim(£7). X

Ql In (R2, ”“2) the set E = 0 N PO 7', W, NIt

pobaboARS



Q3 L (V. s & normed space. xy € Vs a fixed clement, xy # 0. s the

following set open or closed ‘R_nnm-" Verify your answer
H={z : z=12z9, A >0}
2. Show, that in £' the following subset is not compact

I {z : x=(x1,29,...,200,0,...), with z, = 0 for n > 10}.
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Q3 1 7Y) is a normed space. xy € V is a fixed element, x5 # 0. Is the

é 1¢ set open or closed or none? Verify your answer,
E={y: y=Ar. A€ER},
2. Show. that in * the following subset is not compact:

F = {J’ : ||~"|!35 l}

(Hint: Use the sequence ™ —(0,..., 0, -i'.ll.(). eech=1,2,...)
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Q3 1. (M,d) is a metric space. z9p € M is a fixed element. Is the following set

open or closed or none? Verify your answer.
G={y : 0<d(zo,y) <1}
2. Show, that in £*the following subset is not compact:
E={z : |lz| =1}.
(Hint: Use the sequence ™ := (0, ...,0, i,(),O, .)yn=12...)
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TEST 4

2 points.

Q1. Ina (V. |}-]]) normed space every Canchy soquence is convergent. X

Q1. Assume, that (M, d) metric space is not complete, Then there is no Cauchy ><
sequence in M that is convergent,

QL Il a (Vo |-]]) normed space is complete, then the induced (AL d) metric space /

is also complete.
Q1. In a complete (V. ||-|/) normed space there is no compact set >(

Q1. In a complete (V. ||-]]) normed space every bounded set is compact. ><

2 points.
Q2. The Lebesgne measure of a bounded set £ C R can be oc. k
Q2. The Lebesgue measure of a set £ C R can be —1. X

Q2. The Lebesgue measure of a linite intervall might be greater than its lungl.h.)(
Q2. The set of all irrational numbers Q* C K is Lebesgue measurable, /

Q2. The Lebesgue measure of the set set of all natural numbers N C R is o0, X



Q3 Define

I’
M = {ges . p<q, p,g€e N} CR.
{ e 1 € N}
l. Is it measurable? If yes, compute its measure.
2. Is it an open set? EC“
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Q3 Define

H={I=2lp2 p>gq, pg€N}CR

1. Is it measurable? If ves, compute its measure, Yes, m(H) =0

2. Is it an open set? No

Q3 Defis

rll.
v2p

1. Is it measurable? If yes, compute its measure. Yes, m(H) =0

H={z= r<p, r.p€N}CR.

2. Is it an open set? No



TEST 5

Questions: s it true or not?

QL IEf:]0.1] = R is a continnons fanction with one disoontinnity, then it is not X
measurable.

QL If [ I%I] — R s a continuons funetion, then it is measurable. ./

QL IF F: 0,1 = B s a measurable function. then it is continnous,

QL I f:0,1] = R s a measurable function, then | f1 is also measurable, /

discontimuitics, then it s Lebesgue tntegrable.

Q211 f - [0.1] = R is a continuons limetion, then the Lebesgue integral amd the

Q2 1f f : 10,1 — X 15 a bounded measurable funetion with countable many of /

Ricmann integral 5 the same,

Q2 If f: 0.1 = R s a continwous function, then it is Lebesgue integrable /



M Chexck the dlewing property of chanctenstic tuncticns
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Mo Chok the following property of doaracteristic Tupeticns
XA+t X=X =Xuw, YVABCR.
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Lebesgue integral

.. Define a function f:]|-1,1] = R as
o 2 ifx p? p.q € &, S—) X 6 @
flz) =4\ v
V1 otherwise,

Is this function measnrable? Why? I yes. /f:.‘m —
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TEST 6

Q1. The dimension of £2[0,1] is 2. X

Q1. £3(0.1) c £Y0.1)
Q1. £'(0,1) c £30,1)

[ /
X
Q1. £(0.1) C £2(0,1) /\,

Q1. £¥(0,1) c £3(0,1)

Q2. If f:]0,1] = R is continuous with one discontinuity of first type, then f € /
L£>[0,1].

Q2. If £:[0,1] = R is continuous function, then f € £7[0, 1] for all p > 1. /
Q2. If f:[0,1] = R is not continuous function, then f & £*[0, 1] for sure. X
Q2. If f:[0,1] = R is continuous, then it is essentially bounded. /

Q2. If f:[0,1] = R is essentially bounded, then it is continuous. 7<



1
Lp. Let f(x) = —. Which is true?
£
1. f € L*1,2] 2. f e L0,1)

Compute the norm, when it is possible. Justify your answer!
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Lp. Let f(z) = e™*. Which is true?
1. f € L% —00,0), 2. f € £Y(0, ),

Compute the norm, when it is possible. Justify yvour answer!
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L— Define a function as

1
if reC.z4#0
f:10,1] = R, flx):=¢ *
1 :I yv'f('_ L1 g 4 L)

where C is the Cantor set, Is it true, that f € £%7 If yes, compute its norm
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TEST 7

Questions: Is it true or not?

Ql Let X =N, R=2% and let /hb(r a counting measure. In the measure space
(N.R, 1) we have /
u{1,10} = 2.

Ql. Let X = N, R = 2N and let ;2 be a counting measure. The dimension of

LYN,R,p)is 1.

Q1. L2(N,R, 1) C 2, where R = 2M and y is the counting measure .

o

Q1. £'(N,R, ) is complete, where R = 2N and p is the counting measure . /

Q2. If fi. fo. ...fn ... € L? are independent functions, then they may not be /

pairwise orthogonal.

Q2. {1,sin(kz),k = 1,2,...} is complete in L[—x, 7. Xg

2. (fulz) = 2", n € Ny) is complete in £3[—1,12]. /

Q2. (fu(z) = 2", n € Ny) is orthogonal in £*[-1,12]. K

~~
o~
o



General L7 spaces in a measure space.

M Consider the measure space (N, R = 2% 4), with p is the counting measure.

Let us define a flm(-tinn% N R, f(z) = z°
Compute the integral of f with respect to the measure p over the sets

E={1,2,4} and R = {n® : n€ N}:

/fd//. = /fd// =]

E n

fv“’/‘:/ x4
dy = 2 T o,
),1124} n%“? = 142 +§:24

/.‘, A = f 2 oS 2
A A A B
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M Consider the measure space (N,R = 2V p), with y is the counting measure.

’ ’ . 1
Let us define a function f: N = R, f(x) = —.
pe

Compute the integral of f with respect to the measure g over the sets

E={1,3}and R = {2" : ne N}

[;} /]’du ? /fd;z ? %
E R Z
acg

M Consider the measure space (N, R N p), with pis t

> ‘z
-

1€ cour ﬁn;{ measure.

z ?h

Let us define a function f: N — R, f(r) =2 *.
Compute the integral of f with respect to the measure ; over the sets

E={2,3,4} and R={2n : n € N}

/ fd / 1 5 4

dp =? fdp =" =<9 -0
4.4, 4. e :-Z /;Z):
\1 3 , -9
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Extension of some basic notions of R" into the £° Lebesgue space.

B. Check whether the following functions are orthogonal in £%[—1, 1]:
: : : k.
filz) =sin(wx), fo(x) =sin(3nx), fi(x) = 3sin(27x) + 1.

Reminder:

cos((n —m)r) — cos((n+ m)zx)
2

<8 .4.1_"12 e ’0
ff'\(ﬂﬂ s (3%x): “"'fﬂ_@) Cas /47‘#) .
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9-Q-a+0:=-9
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B. Check whether the following functions are orthogonal in £2[0, #|:

fi(z) ==, folx) =22 [fy(z) = 1.

Are they linearly independent? Verify your answer.

T v s
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B. Check whether the following functions are orthogonal in £2[—1, 1]:

filx) =1, falz) =522 -3¢, fa(z) ==x.

Are they linearly independent”? Verily vour answer.
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TEST 8

Questions 1: Is it true or not?

Q1. The resulting functions of G-S orthogonalization of fi, fa, ... f, ... € £* might
be the original same functions. ~

Q1. The G-S orthogonalization can be applied for finite number of functions too.

dent functions

Questions 2: Is it true or not?

Q2. The Hermite polynomials are pairwise independent in £?[-1,1] too.

()2. The Hermite polynomial of degree k+n is the sum of the Hermite polynomials
of degree k and n.

Q2. The Hermite polynomials are pairwise orthogonal in £*(R).

Q1. The purpose of the G-S orthogonalization in £2(X) is to find linearly indepen- x



G.+ Let us consider the function space £*[—1, 0]

I. Normalize f(z) = x. Denote the result by fy. folz) =7

2. ('nllll)llh' the Ul'lllngt mal 1"“:'""“”“ of .‘/(JA) — J.J onto f(.. !«]“.) 9

/j (X\': L_{Lx'\a(x\7 ' :Fo()(\
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0. Let us consider C'ﬁ(IR) with the weight function p(x) = e~*". In this space there

0.

0.

are the Hermite polynomials. The first 3 of them are the following (without

normalization):
Ho(z) =1,  Hi(z) 7}21. Hy(z) = 42% - 2.

How would you compute || Hy|| and how would you check Hy LH,? (You do not

have to finish the computations here).

I H Il =

2 =2 _Q
{mr&)-&ua. = —{{4,‘_1).‘1 ".'4\( p

o0
iy 4 - f s o7
fH.H‘-S’.Jx=j 1 Bddy o0 T 54 ol
W -

Let us consider E;’,{R] with the weight function o{x) =€ = In this space there
are the Hermite polynomials, The first 3 of them are the following (without

normalization):

Ho(z) = 1, Hi(z) = 2z, Hilz) = 42* - 2.
How would you compute || H| and how would you check HyLH2? (You do not
have to finish the computations here).

E 3

Lot us consider Ef,{IR} with the weight function p{z) = ¢ *. In this space there
are the Hermife polyromials, The first 3 of them are the following (without

normalization):
Hy(z)=1, Hz)=2r, Hyz)=42"-2

How would you compute || Hy| and how wounld you check Hy LHs? (You do not

have to finish the I:‘IJIII|:J'Il|-i-l1 10 I]l't'l!]'.



TEST 9

QL. If (¢.) € H is a complete ON system, then the Fourier coefficients of an f € H

with respect to (yp,,) are always different.

Q1. If (¢n) € H is an ON system, then the Fourier series of an f € H with respect
to (@) always gives back f.

Q1. If (¢n) € H is a non-complete ON system, then the Fourier series with respect

to (¢,) of an f € H sometimes gives back f.

Q1. The completeness of an (e,) € H ON system is equivalent to the fact, that

there is not x € H such that z 1 e, for all n. questionable...

Q1. In £3(N,R = 2% u) there in not any complete ON system.

Q1. In a H Hilbert space the elements of a complete ON system are linearly inde-

pendent. N

Q1. Ina H Hilbert space some elements of a complete ON system might be linearly

dependent.

X N X S (X x



Q2.

Q2.

Q2.

Q2.

Q2.

Q2.

Q2.

In £}(R), with weight function o(x) = e, Fourier coefficients can be com-

puted with respect to the Legendre polynomials.

In £%[—1, 1] Fourier coefficients can be computed with respect to the Legendre

polynomials.

In £%[—1,1] the sum of square of the Fourier coefficients of an f € £*[—1,1]

1
with respect to any complete ON system equals / | fldm. X
1

In £%[—1, 1] the sum of square of Fourier coefficients of an f € £*|—1, 1| with

1
respect to any complete ON system equals / [dm.
1

In £%[—1, 1] the sum of square of Fourier coefficients of an f € £*[—1, 1] with

1 1/2
respect to any complete ON system equals ( / f’dm) .
1

L2(R), with weight function p(z) = e, can be identified with . /

Cg(R). with weight function p(z) = ¢ and £2|—1, 1] can be identified. /



H. Write the formula for the Haar function fy,. Sketeh the graph of the function.

11

I

Show, that Hy, LH, .

- B
4'\

L

03—
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R A e
16

Q

I

Compute the norm of Hy,.

A

=

Write the formula for the Hsor Tunction £
Show, that Mg LH,

Write the formula for the Haar funetion Iy,
Show, that 3y L e

\Wnite the formula for the Hear function
Show, that Hya 1 Hyy

. Write the formula for the Haar function Hy s

Compute the norm of Hya.

Write the formmula for the Hasr fanetion Hy
Show, that ,’31 | ,’.“|

Write the formnla for the Haar function Hy .
Show, thal My, L Hy ;.
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Sketchs the graph of the [unction,

Sketch the graph of the function

Sketch the graph of the function

Sketedy the graph of the funetion

Sketeh the graph of the funetion

Sketahh the graph of the [unetion.
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1

(-4)- /2= 0

Write the formula for the Haar function 3. Sketch the graph of the function.



F. In the £*([—1,1]) space let us consider the complete ON systems of Legendre

polynomials. Compute the first 2 Fourier coeflicients of f(x)

sin(nx).
(Hint. The first 2 Legendre polynomials are: Py(z) = —‘}—2 Py(x) = \/g.r)
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TEST 10

Q1. X and Y are finite dimensional normed spaces. If 77 : X — Y linear operator
is continuous at rg = (), then it is bounded.

QL. Let T : Cla,b] —» R be the integral-operator. Thmiti;continuom&uany/
[ = ¢ constant function.

Q1. X and Y are vector spaces, 7' : X < Y is a lincar operator. Then T’z = 0
is equivalent to x = 0. X

Q1. X and Y are normed spaces. If 7 : X — Y is a non-trivial linear operator,
then the maximal value of |7z can be at x = (. X

Q2. X and Y are normed spaces. T : X — Y is a lincar operator, that is not ~
continuous at ry = (. Then for any n € N there is a unit vector r,, € X

such that ||Tz,] > n. /

Q2. X and Y are infinite dimensional normed spaces. T : X — Y is a bounded
linear operator Then for an appropriate ¢ > 0, the operator ¢7" is not con- 4
tinuous at some point in X. x <

Q2. X and Y are normed spaces. T : X - Y is a linear operator, that is not
bounded. Then for an appropriate £ > 0, the operator £7" is continuous at

1'0=0.

Q2. Let X be a Banach space, T, S € B(X) bounded linear operators, both of
them are invetrible. Then T 4 S is also invertible. X

Q2. Let X be a Banach space, T, S € B(X) are bounded linear operators, both
of them are invetrible. Then T'S is also invertible. /



ON. T: (R* |Ile) - (R,|:]) is & linear operator defined as

T(xy,23) = 22y — 3xy. Compute T, choose the correct answer.

@2 1 3

2% =35, & x| F (34, | & @) wer (S B
X=[4,-4] T

ON. 7T: (R* |I-lIl,) = (R, |-]) is & linear operator defined as T'(xy, 22) = 32, —4xy.

Compute || 7)), choose the correct answer

135 = 4| & Br\rlen! £ 4w = i,
X 2[0’-1_) Ty gy

ON. 7T: (R Ill.) = (R,]-]) is & lincar operator defined as

T(xy,x3) = =152y — Hry. Compute ||T)|, choose the correct answer.
@ -20 15 -15 5

ON. T : (R% |I-Il,) - (R,]-]) is a linear operator defined as

-

T(zy,x3) = ~bxy — 156x3. Compute [T, choose the correct answer.
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B. Let us define the linear operator S: € - £ as
S(xy,x3,...) = (x),29,...,210,0,0,...) ie. (Sz)y =0 Vk > 100

Verify, that S is bounded, and compute the norm of it. Is it invertible?

B. Let us define the linear operator S: £ — £ as
S(zy,za,...) = (2,0, 25...,0,22641,0,...) 1Le. (Sz)u = 0Vk.

Verify, that S is bounded, and compute the norm of it. Is it invertible?

B. Let us define the linear operator S: # -  as
S(zy,xq,...) (2x,, 2r,, 1 2510,0,0,...) te. (Sz)h=0 Vk>10

Verify, that S is bounded, and compute the norm of it. Is it invertible?

B. Let us define the linear operator S: € — € as
S(xy,xy,...) (0,2x5,0,2x,4,0 W0, 219, 0, ) e (ST)asy 0 Vk

Verify, that S is bounded, and compute the norm of it. Is it invertible?

l
I s x\. :(oqu’;m‘fwt-“ L

L '3
Slege e+ =2 T 22l
F/—\—/’_’_A N

c;-.rq.-.\fm S baﬂAN-)\

IS s 2 b 4,

v X=[04, 00 7 -y
“ qu: 2= 2|IX‘L 2 3 SR VIE N LN

Nes we YV = A Smgedie, aev {'@DNT(W\

Ly T [1/ 4.9.06...) Sk =35k =[02° -1

xlc[2,1,°-°"j [N 5(\§1)(k
ad *X' >1. S"zu,oo.,-]



TEST 11

Q1.
QL.
QL.
QL.

Q1.

Q2.

Q2.

Q2.

Q2.

The spectrum of any operator in B(?) has infinite number of elements. ><
If T € B(R?), then o(T) has at most 3 elements. >
If the spectrum of T € B(R?*) contains the 0 element, then 7 is not invertible. "
Let T € B(£?). Then XA € o(T) iff A is an eigenvalue. x
If X is an eigenvalue of T € B(£?), then A belongs to the spectrum of T for
sure, /
If X is a normed space, then it's dual space is always complete, i.e. X" is /
Banach space.

. H is a Hilbert spaces, and let us consider the null-operator in B(H). It’s X
spectrum is @, the empty set.
The spectral radius of an operator may be 0. /
T € B({>*). Then it is possible to find elements of the spectrum A, € o(7T')

such that lim |A,| = +oc. X
n-»00

The spectral radius of any T € B(X) is equal to ||T|. X



. Let X = R? equipped with norm || « ||3. Choose the dual space X* with the
appropriate norm.

(R 0) R (R) (R 0)

. Let X = R?® equipped with norm | - ||2. Choose the dual space X* with the
appropriate norim.

(B 1) (L) (RS IE) (R 1)
————

. Let X = R? equipped with norm || - ||.. Choose the dual space X* with the

appropriate norin.

(B%|Il,) (R 1)le)  (R%|Il,)  none of the others

. Let X = R" equipped with norm || - ||3. Choose the dual space X* with the
appropriate norm.

(R hya) (R 0z) (R IHs) RO



Sp. Consider the following linear operator T: C'[(), 1] — [0, 1] defined as
(T'z)(t) := e'=z(t) for ¢ € |0,1]. Determine the spectrum and the eigenvalues

of operator T'.
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Sp. Consider the following linear operator 7: Cl=1.1] = C[—=1,1] defined as

(Tx)(t) := ta(t) for t € |
of T. no eigenvalue
o=[-1,1]

, 1]. Determine the spectrum and the eigenvalues

Sp. Consider the following linear operator G: C[0, 2] —» C|0,2] defined as

(Gz)(t) := VEx(t) for t € [0,2]. Determine the spectrum and the eigenvalues

of G no eigenvalue

c=[0,v2]

Sp. Consider the following lincar operator B: Cl0, =] — C|0. 7| defined as

(Bx)(t) := sin(t)x(t) for ¢

€ [0, 7). Determine the spectrum and the eigen-

values of B, no eigenvalue

c=[0,1]



